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Abstract

We present, in a simplified setting, a non-commutative version of the well-
known Gel’fand-Naimark duality (between the categories of compact Hausdorff
topological spaces and commutative unital C*-algebras), where “geometric spec-
tra” consist of suitable finite bundles of one-dimensional C*-categories equipped
with a transition amplitude structure satisfying saturation conditions. Although
this discrete duality actually describes the trivial case of finite-dimensional C*-al-
gebras, the structures are here developed at a level of generality adequate for the
formulation of a general topological/uniform Gel’fand-Naimark duality, fully ad-
dressed in a companion work.

1 Introduction

The celebrated Gel’fand-Naimark duality theorem (see for example B.Blackadar [7,
[1.2.2.4, 11.2.2.6]) states that there is a duality between the category of unital *-homo-
morphisms between commutative unital C*-algebras and the category of continuous
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104 Discrete Non-commutative Gel’fand-Naimark Duality

maps between compact Hausdorff topological spaces. It is the standard departure
point for understanding the transition from classical to quantum mechanics as well as
motivating the development of non-commutative geometry [9].

Several (partially successful) attempts have been made to generalize such a duality
to the case of non-commutative C*-algebras with different techniques (we will not
attempt here to enter into the reconstruction of the long history of this problem).

It is our purpose (fully addressed in its more general form in the companion
work [6]) to provide a non-commutative Gel’fand-Naimark duality for unital C*-al-
gebras in terms of “non-commutative spaceoids”, which are “suitable families” of
one-dimensional saturated Fell-bundles', hence vindicating the validity of the spec-
tral conjecture put forward in previous papers (for example [5, section 6.1]).

In this introductory work, we present the general “algebraic structural setting” on
which the full duality theorem is based, avoiding the highly intricate topological and
uniformity conditions that are unavoidable for the statement of the theorem in its full
generality.

Our approach to non-commutative Gel’fand-Naimark duality builds directly on
a long tradition of developments (starting from J.M.G.Fell [14, 15], J.Tomiyama-
M.Takesaki [29] and, via the celebrated J.Dauns-K.-H.Hofmann theorem [10, 12], cul-
minating in J.Varela duality [30]) on the spectral analysis of C*-algebras via “bundles”
and somehow merges it, via a further spectral analysis of the C*-fibers, with the “con-
volution of pair-groupoid” description of matrix algebras promoted by A.Connes [9,
section I.1].

An equally important source of inspiration for our work comes from the many re-
sults (initiated by R.V.Kadison [19] and firmly established by E.Alfsen-F.Schultz [28,
1, 2]) on functional representations of C*-algebras via uniformly continuous functions
on generalized spectra consisting of their set of pure states equipped with extra struc-
tures: projective Kéhler uniform bundles, as in R.Cirelli-A.Mania-L.Pizzocchero [8],
or Poisson manifolds with transition probabilities, as in N.P.Landsman [21, 22].

For us, all the differential geometric ingredients are subsumed by a “uniform cate-
gorical structure”: in detail, when (for each of the C*-fibers mentioned above) a hori-
zontal categorification is performed, substituting the trivial C-bundle over the space of
pure states with a (uniform) Fell line-bundle (with transition amplitudes) over the pair
groupoid, with objects those pure states, a C*-algebra can be recovered essentially as
a “convolution C*-algebra”.

This can be seen somehow as a modest but precise mathematical implementa-
tion (for unital C*-algebras) of the intriguing intuition (supported by the works by
R.Feynman, A.Connes and L.Crane) that quantum physics is a byproduct of “categor-
ical features” (1-arrows between points) of the phase space:

a (uniform) categorical structure on the set of pure states seems respon-
sible for the non-commutative features of the C*-algebra of observables

I'These can be seen as a generalization of the special “spaceoids” already utilized as “spectra” of full
Abelian C*-categories in a previous “horizontal categorification” of Gel’fand-Naimark duality [3].
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of a quantum system and for the differential geometric structures on its
corresponding (classical) phase-space.

After these introductory motivations, we proceed now to summarize the content
of the present paper.

In section 2 we quickly introduce some basic terminology and notation on unital
C*-algebras and their representations, recalling the classification results for finite-
dimensional C*-algebras and their unital *-homomorphisms. We also describe in re-
marks 2.1 and 2.3 some quite important structural ingredients that will be used later
on in the definition of the spectral spaceoids (without limiting the discussion to finite-
dimensional situations).

Section 3 is dedicated to the first stage of the spectral analysis, namely the discrete
base duality. This result (theorem 3.2) is essentially nothing more than Varela duality
in the special trivial case of finite-dimensional C*-algebras (hence just an intrinsic re-
formulation of Wedderburn theorem for finite C*-algebras). Every finite-dimensional
C*-algebra is spectrally described by a bundle over a finite discrete set (the uni-
tary equivalence classes of its irreps) whose fibers are finite primitive C*-algebras
(i.e. they are isomorphic to matrix algebras). All the notations introduced here (al-
though slightly redundant when only finite-dimensional C*-algebras are around) are
perfectly adequate for the spectral study of arbitrary C*-algebras.> As in the case of
Gel’fand duality, Varela duality is actually also an adjoint duality, see proposition 3.6.

The most interesting part of our spectral analysis, namely the fiber equivalence, is
the subject of section 4, where each of the previous fibers (non-canonically isomor-
phic to a matrix C*-algebra) gets further spectrally analyzed, following A.Connes’s
idea, as a convolution C*-algebra of a finite pair-groupoid. In order to achieve this
step intrinsically, we have to deal with some unavoidable complications, typically
a gauge freedom in the choice of “orthonormal frames” producing “unitarily conju-
gated” matrices for the same operator. The solution that we adopt in our definition 4.9
of “discrete propagator” is to generalize S.Gudder’s definition of “transition amplitude
space” [18, section 4.5] to situations where the transition amplitudes take values in a
(one-dimensional) C*-category and recover each “fiber C*-algebra” of the previous
bundle (modulo gauge isomorphisms induced between frames by the transition am-
plitudes) as an enveloping C*-algebra of a one-dimensional finite-object C*-category
(one for each orthonormal frame). Essentially every operator in a fiber C*-algebra
corresponds to its “fiber Gel’fand transform™ as the collection of all of its matrices
(one for every orthonormal frame) related by unitary conjugation.

Here we actually made a practically irrelevant, but conceptually important, over-
simplification: also in the case of finite non-commutative C*-algebras, (since the fam-
ily of pure-states is not discrete with the topology induced by the weak*-uniformity)
the correct notion of “propagator” would require the usage in definition 4.9 of “uni-

2 A non-trivial variant of Varela and Dauns-Hofmann results will be developed in [6], in order to spec-
trally describe unital C*-algebras as bundles, with primitive C*-algebras (with given irreps) as fibers, when
the base space is not Hausdorff.
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form Fell bundles” with a non-trivial uniformity on the base pair-groupoid of pure
states. In the case of finite-dimensional C*-algebras, we can “bypass” this techni-
cal complication, only because the restrictions of the Fell bundle to any orthonormal
frame becomes a C*-category with finite objects and no topological/uniformity effect
is visible in the reconstruction of the C*-algebra (y-invariant C*-sections are already
uniformly continuous).

The core of the fiber-equivalence is the proof of the adjunction 4.23 among spec-
trum and section functors between the category % of unitary equivalence classes of
primitive C*-algebras and the category 1-%" of one-dimensional total discrete propa-
gators. The reflective subcategory & (on which the Gel’fand transforms are isomor-
phisms) consists of primitive C*-algebras that are convolution W*-algebras of a pair
groupoid and hence include all matrix algebras. The reflective subcategory 1-#  (on
which the evaluation transforms are isomorphisms) is characterized by a saturation
condition (see the discussion in remark 4.25) for the set of frames of each transition
amplitude space, that essentially states that the group of unitaries of a certain Hilbert
space is acting effectively and transitively on frames.

A “discrete” spectral counterpart of a non-commutative unital C*-algebra, a dis-
crete non-commutative spaceoid, is introduced in definition 4.26 as a finite bundle of
total discrete propagators. A global fiber-adjunction, between the category Zrp of
finite bundles (of irrep-classes) of primitive finite C*-algebras and the category &rp
of discrete spaceoids (both with fiberwise isomorphisms), is stated in theorem 4.30.
Imposing fiber by fiber the condition of saturation identifies the reflective subcategory
& rp of discrete non-commutative spaceoids in duality with finite C*-algebras.

The main result of the paper is the final “discrete” adjoint duality theorem 4.33
that is obtained by composing the discrete base adjoint duality 3.6 with the discrete
fiber adjoint equivalence 4.30.

In the short section 5, we explain how the discrete adjoint duality presented here
“extends” the usual commutative Gel’fand-Naimark adjoint duality for finite commu-
tative C*-algebras. Furthermore we describe how discrete non-commutative spaceoids
(as defined in this work) are related to the topological spaceoids originally introduced
as spectra of commutative full C*-categories in [3] (a work that actually constitutes
the ideological precursor of the present non-commutative developments).

The final section 6 ventures beyond the discrete case, describing the main steps
and obstacles (of topological/uniform nature) encountered in the formulation of the
general non-commutative Gel’fand-Naimark duality. Specifically, we briefly explain
how our techniques are immediately capable of supporting a duality at least for unital
C*-algebras A whose structure space A is Hausdorff and whose irreducible repre-
sentations are all finite-dimensional.> Then we briefly discuss the topological and
uniformity difficulties in the treatment of the fiber equivalence for a general unital

3In this HausdorfF situation, for the base duality, Varela result essentially reduces to previous theorems
by J.M.G.Fell [14, 15] and the spectra (“scaled” Banach C*-bundles) have been already characterized by
A.J.Lazar [23]; for the fiber-equivalence step, since all the fibers are isomorphic to matrix algebras, our
present analysis does not need any further topological improvement.
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C*-algebra, and the demanding hacks on Varela duality in order to preserve primitive
C*-algebras as fibers also in the case of structure spaces that are not Hausdorff. These
points will be fully covered in the companion paper [6], where each of the algebraic
steps presented here will be suitably “uniformized/topologized”.

The complete result reduces* to the “discrete case” presented here whenever we
limit consideration to unital C*-algebras A whose structure space Ais topologically
discrete and compact (hence a finite set) and whose irreducible representations are all
finite-dimensional. The potential reader should not feel disappointed by the fact that,
under these quite restrictive conditions, the general non-commutative duality theo-
rem actually collapses to a duality for the completely trivial case of finite-dimensional
C*-algebras (for which a perfectly satisfactory classification is well-known as a con-
sequence of Wedderbun theorem): the ingredients here developed are truly capable
of supporting a satisfactory non-commutative C*-duality (modulo the introduction of
topology and uniformity on the spaceoids). All in all, the time spent on this simplified
formulation is indeed rewarding.

For technical purposes, we also limit for now the study to the category of unital
+*-homomorphisms between unital C*-algebras that preserve irreducible representa-
tions. This is a class of morphisms that (although quite restrictive in general) already
subsumes all the unital *-homomorphisms between commutative unital C*-algebras
and hence it is sufficient to successfully recover the usual commutative Gel fand-
Naimark duality. Again, for the doubtful reader, we anticipate that this technical re-
striction on morphisms is not crucial for the theorem: as soon as suitable “propagator-
bimodules” between non-commutative spaceoids are introduced, one can spectrally
treat any unital s-homomorphism between unital C*-algebras as well. This is not done
here just to avoid a long distracting diversion on Morita theory for C*-categories.

2 Preliminaries on (finite-dimensional) C*-algebras

We recall here basic definitions, terminology, notation and some preliminary results.
More details are found, for example in B.Blackadar reference book [7, chapters 2-3].

In this work we will consider only unital C*-algebras over the field of complex
numbers C. A complex C*-algebra A is an associative involutive algebra over C that
is also a Banach space with a norm that is sub-multiplicative: ||xy|| < ||x]| - |[y|| for
x,y € A, and satisfies the C*-property: ||x*x|| = ||x||%, for x € A. A C*-algebra is unital
if it has a multiplicative identity 1 4 and in this case we also assume the normalization
property: |[1 4]| = 1. The cone of positive elements is denoted by A, := {x*x | x € A}.
A W#*-algebra is a C*-algebra that, as a Banach space, is the dual of a Banach space.
A finite-dimensional C*-algebra is a C*-algebra that, as a vector space, has finite
dimension.

4The exact form of such identification will be explained in [6]: it involves an inclusion as well as a
forgetful functor.
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A sx-homomorphism between C*-algebras is a function ¢ : A; — A, such that
d(xy) = ¢(x)p(y) and ¢p(x*) = ¢(x)*, for all x,y € A;. A unital *-homomorphism
further satisfies: ¢(14,) = 14,.

A representation of a (unital) C*-algebra A on a Hilbert space H is a (unital) *-ho-
momorphism A N B(H) into the unital C*-algebra B(H) of continuous linear maps
on H. The representation is irreducible if its commutant

w(A) ={T € B(H)|¥xeA : Tow(x)=w(x)oT}

equals C - Idg. Two representations @ : A — B(H)) and @, : A; — B(H,) are
unitarily equivalent it there exists a unitary intertwining operator U : H; — H, such
that U o @ (x) = @y (x) o U, for all x € A. The set of unitary equivalence classes of
irreducible representations of A will be denoted by X 4.

A unital *-homomorphism ¢ : A — B is irrep-preserving if for every irreducible
representation w of B, also @ o ¢ is an irreducible representation of A.

An ideal J in a unital C*-algebra A is a primitive ideal if there is at least one
irreducible representation @ : A — B(H) such that I = Kerw. If {04} is a primitive
ideal, A is a primitive C*-algebra.’

A state over the unital C*-algebra A is linear function w : A — C that is positive,
w(x*x) > 1, normalized, w(1l 4) = 1¢c. The family of states of A is denoted by S 4.

The well-known Gel fand-Naimark-Segal GNS-representation theorem (see for
example B.Blackadar [7, 11.6.4]) says that every state w over a unital C*-algebra A
induces a representation @, : A — B(H,) on a Hilbert space H, with a cyclic6
vector &, € H,, such that w(x) = (£, | W (X)E,)#,, for all x € A.

A pure state is a state « whose GNS-representation @, is irreducible. The family
of pure states of the C*-algebra A is denoted by P4 C S 4.

Composing the GNS-map w — w,, restricted to the set of pure states P4 with the
quotient map 7 +— [w] onto X 4, we have a quotient map y4 : P4 — X4 given by
XA w— @]

Remark 2.1. We recall that, given two GNS-representations that are unitarily equiv-
alent [@,] = [w,], a unitary intertwining operator U : H, — H,,, i.e. an operator
such that U o @w,(x) = w,(x) o U, for all x € A, is not necessarily unique. For pure
states w, p, since their GNS-representations @,,, @, are irreducible, any two such in-
tertwining unitaries U, V € B(H,; H,,) must satisfy V* o U € @w,(A)" = C - 1dyy, and
UoV*ew,(A) =C-ldy, and hence there is a unique spatial unital *-isomorphism
W - Ty(A)" = @, (A)” of von Neumann algebras,” independent from the choice of
intertwiners, given by a,(T) := Ady(T) := U o T o U* = Ady(T).

5By first isomorphism theorem, this is equivalent to A having a faithful irreducible representation.

The vector &, € H,, is cyclic for the representation @ : A — B(H,,) if and only if {w,(x)(&,) | x € A}
is dense in H,,.

7 A von Neumann algebra is a C*-algebra A ¢ B(H) such that A = A” or equivalently, by von Neumann
bicommutant theorem [7, 1.9.1.1], that is closed in the weak-operator topology.
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Since @y © pr = Qups Ay = Cpy and Ay = ldg,(ay, for 0 € X g, for all
w,p,{ € x '(0) c Py, with the terminology recalled later in definition 4.1 and in
footnotes 20 and 33, « is a *-functor from the disjoint union of the pair groupoids with
objects pure states in y~'(0), with values in the groupoid of spatial *-isomorphisms of
von Neumann algebras. For all o € X 4, we can define an intrinsic W*-algebra A. of
“orbits” of the pair groupoid {a@, | w,p € x~'(0)} acting on the object von Neumann
algebras {w,(A)" | w € y (o)} as:

A = {(T)o | T = aup(Ty), Yo, p € x™1(0), Ty € oA, Yo € x ™ (0)},
with operations well-defined by

(T(u): = (T:))m (Tw)o : (Sw)a = (Tw : Sw)(n (Tw)o + (Sw)o = (Ta) + Sw)0~

17

For finite-dimensional C*-algebras, A/, for o € X,, will always be isomorphic to a
type I, factor (matrix algebra), for a certain n € Ny.

For 0 € X4, for every w € y~!(0), we define | w X w |:= (| &, X &, |)o, the one-
dimensional projector | w){w | € A/ that is the “a-orbit” of the one-dimensional
projector | &, (&, | € B(H,), onto the one-dimensional subspace generated by &,
the cyclic vector for the w-GNS representation @,,.

Since for all w,p € P4 such that [w,] = 0 = [w,] € X4, Kerw, = Kerw, we
have a well-defined map o — Kerw, := Ker w,,, from X 4 to Prim(A), the family of
primitive ideals of A.

We will also denote by w, : A — A, the unital *-homomorphism x - (@, (x)),,
for x € A, and by @, : A, = A/Kerw, — A its induced injective unital
*-homomorphism x + Ker @, — @,(x).

We have a bundle over X 4 with fibers X 4,, 0 € X4, with a canonical section
ka @ Xag = Weex, Xa, given by k4 : [w,] =1 0 = 0 = [@,] € Xu,. Inthe
finite-dimensional case, since A, is isomorphic to a matrix algebra, all the fibers X 4,
are singletons. J

We recall the following well-known classification theorem for complex unital
finite-dimensional C*-algebras (see for example D.Farenick [13, theorem 5.20] or
K.Davidson [11, theorem III.1.1]) that is just a special case of Wedderburn’s theo-
rem for semi-simple associative algebras.

Theorem 2.2. Given a finite-dimensional complex C*-algebra A, there exist N € Ny
and a unique finite sequence (ny,...,ny) of non-decreasing strictly positive natural
numbers such that A is isomorphic to the direct sum @szl M, (C) of complex ma-
trix C*-algebras. It follows that every finite-dimensional (non-trivial) C*-algebra is
unital.

An intrinsic operator-algebraic proof of this theorem is a byproduct of the follow-
ing remark:
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Remark 2.3. The celebrated Gel’fand-Naimark representation theorem (see for ex-
ample B.Blackadar [7, 11.6.4.10]) asserts that every (unital) C*-algebra admits an iso-
metric representation. More specifically, if A is a unital C*-algebra, the map

w:z@wo:fl% @A;’

OEXA OEXA

is an isometric *-homomorphism because, making use of [7, corollary 11.6.4.9], for
every x € A, there exists an irreducible representation @w,, and hence [w,] € X 4,
such that ||x]| = ||@(X)|| = [|@z,1(X)|l. As a consequence, the unital *-homomorphism
x - w(x) = @OEXA w,(x) C @aex,l A induces an isomorphism of C*-algebras
A ~w(A).

Since, the W*-algebras A/, for o € X 4, are type I factors (they are all isomorphic
to B(H,), whenever [@,] = 0), they admit a unique trace Tr, : A} — C and they act
(reducibly) on the canonical Hilbert-Schmidt space

L*(AY) =T € A | TH(T*T) < +c0}.

With a slight abuse of notation, denotingby @ : A — B (EB,; X LZ(A;,’)) the induced
representation of the C*-algebra A on the Hilbert space €P L2(A”), we obtain
w(A)’ = @oexA Al

Since by von Neumann bicommutant theorem [7, 1.1.9.1] @w(A) is weakly dense
in w(A)”, in the finite-dimensional case we have A ~ w(A) = w(A)” = @OEDCA A
and hence X 4 must be finite. a

0eX 4

There is also a characterization, via Bratteli diagrams (up to the previous iso-
morphisms with direct sums of matrix algebras), of all the unital *-homomorphisms
between finite-dimensional C*-algebras (see K.Davidson [11, lemma II1.2.1]).

Proposition 2.4. There is a bijective correspondence between the family of equiv-
alence classes under inner automorphisms® of unital *-homomorphisms of finite-di-
mensional C*-algebras ¢ : A — B, where A ~ @7:1 M, (C) and B ~ EB,ZI M, (C),
for (mk)kM: > (n j)?’_ | hon-decreasing finite sequences, and the family of multiplicity ma-
trices [¢x;] € Myxn(C) of non-negative integers such that my. = 2?,:1 ¢xj - nj, for all
Jj =1,...,M. Irrep-preserving unital x-homomorphisms correspond to multiplicity
matrices with rows containing a single non-zero entry equal to 1.

Both of the previous results can actually be intrinsically reformulated into the
subsequent duality result 3.2 that is an immediate byproduct (in the case of finite-
dimensional C*-algebras and irrep-preserving *-homomorphisms) of Varela duality
for arbitrary C*-algebras [30], itself an application of the celebrated Dauns-Hofmann
theorems [10, 12].

8 An automorphism (i.e. an invertible unital *-homomorphism) ¢ : A — A of a unital C*-algebra A is
inner if there exists u € A unitary (i.e. u*u = 1 4 = uu*) such that ¢(x) = u*xu, for all x € A.
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3 Discrete Base Duality

For all the basic notions of category theory used in this paper: category, functor, nat-
ural transformation, adjunction, equivalence, we refer to any standard text (for exam-
ple T.Leinster [24] or E.Riehl [27]).

We denote by «7rp the category of irrep-preserving unital x-homomorphisms
of finite-dimensional C*-algebras, whose objects are finite-dimensional (non-trivial)
C*-algebras and whose morphisms are the unital *-homomorphisms that are irrep-
preserving (composition being the usual composition of functions and identities mor-
phisms the usual identity *-isomorphisms).

We denote by HBrp the category of fibrewise s-isomorphisms of bundles of
finite-dimensional primitive C*-algebras over finite sets defined as follows:

e objects of Bpp are bundles F i X with a finite set X as base space and fibers
F, := 67'(0), for o € X, that are primitive finite-dimensional C*-algebras (hence
isomorphic to matrix algebras).

e morphisms of %rp consist of pairs of maps (F',6',X") LN (F2,6%, %),
where A : X' — X2 and A : 2°(F?) — F' is a fiber-preserving map, defined
on the total space of the A-pull-back® (1°(F?), (6%),, X') of (F2,6%,X?), such

that, for all 0 € X!, its o-fiber restriction A, : ?ﬁ(o) - F (1) is a >k—isomorphism.10

e given two morphisms (F',6', X") ), (F2,6%,X%) AAEIN (33,63, X3, their

composition is defined by (41, A1) o (A2, Az) := (A1 0 A2, Ax 0 A5(Ay) © {gib),
where {31/12 F (A 0 L)(FH) - Ao /l;(9'3) is the usual canonical isomorphism
of pull-backs and A3(A;) : A5 o /11(3’3) - /15(3'"2) is the A,-pull-back of the
morphism A : A3(F°) — F? of bundles over X?.

e identity morphisms, for every (&, 6, X), are given by «(6) := (Idx, {s), where
{g :1d5.(F) — T is the canonical isomorphism of J with its Idx-pull-back.

A A-pull-back of the bundle (F2,62,%%), with 1 : X! - X2, is by definition a commuting square
108 =6%o A, where (7,9, Xl) is a bundle over X! and A : F — F2 is a fibrewise morphism, such that the
following universal factorization property is satisfied: for any other such commuting square 10§’ = 6o A’,
for a bundle (¥,¢’,X!) and a fibrewise morphism A’ : 7 — F 2 there exists a unique fibrewise morphism
®:F - Fsuchthato® =@ and Ao ® = A’.

The standard A-pull-back 1°(6%) of the bundle 6 is here the bundle (1°(F?), (%), X") having total

space 2°(F2) = Upex 53(0) X {0}, with fibers ?3(0) X {0}, for o € X!, and with fibrewise morphism

AP); 22T2) - 52 given by A% < (f,0) > f, forall f € T2
square /l“’z) 06 =20 (%),

We make free use of the fact the standard A-pull-back gives a covariant functor A°* from the category of
fibrewise morphisms of bundles over X? to the category of fibrewise morphisms of bundles over X!.

10 Although in the specific case of fibrewise isomorphisms the two notions are indistinguishable, in view
of subsequent generalizations and direct continuity with previous works, we prefer to use here this notion
of geometric morphism between bundles (a term motivated by the similarity with the situation in topos

theory), rather than the more familiar definition of morphism via commuting squares i.e. pairs (F, f) with
?oF =60 f.

0 for o € X!'; hence we have the commuting
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Remark 3.1. Given a bundle (F,0,X) e & F p» We can define the bundle (Xq, [6], X)
whose o-fibers (Xy), = [0]7!(0), for all o € X, are the equivalence classes Xg, of
irreducible representations of F,. Since the fiber F, is a primitive finite-dimensional
C*-algebra, we have a unique equivalence class of irreducible representations of J,
and hence a canonical bijection xg : X — Xg. a

We now define a contravariant base section functor I D . Brep — rp:

e to every object (F, 6, X) in Brp we associate the family
IP@) :={c: X - F| 0o =1dy)}

of sections of the bundle # and we note that I*P(6) is a finite-dimensional
C*-algebra with the following supremum norm and pointwise-defined opera-
tions, foralloe X,a € C, 0,7 € EFD(O):

(C+D)o 1 =0+5, To, (@-0)pi=a 5,0, (@) =(0,)%

(ce1), :=0,05, Ty, |loll :=max|lo,ll7,.
0eX

The C*-algebra [P (6) is naturally isomorphic to @, F, and, for all 0 € X,
J, is (non canonically) isomorphic to a unique matrix algebra.

e to a morphism (F',6', X! ) (3"2 6%, X?) in Brp we associate the map of
finite-dimensional C*-algebras F&DA) I'P6*) — I'fP(9") defined by

Ll (@) 1= Ao 2%(e) o (dya)}

for all o € T7P(6?), where A°(0r) : 2°(X?) — A°(F?) is the A-pull-back of the
section o : X% — J2 and (Idy2); : 1°(X?) — X' is a homeomorphism (as total
spaces of bundles over X).

A straightforward calculation shows that I" SDA) FF Dy - r FDgly is a umtal

*-homomorphism of finite-dimensional C*-algebras and is irrep-preserving.'!

A direct calculation gives the contravariant functoriality of I'?:

FFD _ FFD

Lo = Ly = Mdpeog,  and  L(D

FD FD
=(A1,A1)0(A2,A2) T E(/IZsAZ) © E(/ll,/\l)'
We introduce now a contravariant base spectrum functor X° : o/, — ZBrp:

e to a finite-dimensional C*-algebra A in @/p, we associate its spectral bundle
of finite-dimensional primitive C*-algebras 2P (A) := (F 4,604, X 1), where:

HSince IFP(H) = @oex CT",I,, an irreducible representation 7 : [¥P (') — B(H) provides an isomor-
phism between the simple finite-dimensional algebra B(#) and a unique fiber &, ! and hence 7 o F& A 1

an isomorphism between B(H) and F2 o)
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— X4 is the set!?

tions of A

of unitary equivalence classes of irreducible representa-

- Fa = Wimex, ﬁ is the disjoint union of finite-dimensional primitive
C#*-algebras of the form (F4), := A/(Kerw), for 0 € X 4, where w € o is
an irreducible representation.'?

— 64 : Fq — Xy is the projection map x + Kerx +— [x], with fibers (F 4),,
forallo € X 4.

e to every morphism (irrep-preserving unital s-homomorphism of finite-dimen-
sional C*-algebras) A, ﬁ A, in o/Fp, we associate the morphism of spectral
bundles ;gD = XFP(Ay) — XFP(A,) in Brp, given by ng = (dg, Ay), where:

— A4 : Xg, = Xy, is the quotient' (under unitary equivalence relation) of

the ¢-pull-back of irreps @ — @ o ¢, for @ irrep of A,.

= Ny 25(Fa,) = Fa, is fibrewise defined, as follows:

(Ap)o : (FaDayo) = (Fay)e, forallo € Xy,
(Ag)o - x + Ker(w o ¢) = ¢(x) + Kerw, forany x € A;.

EFD

0 hence

A direct calculation shows that ;ﬁﬁ = (Idx ,,n5,) and 2;50 = ;1;1) o
establishing the contravariant functoriality of X/°.

The following result is just a very trivial restriction of J.Varela’s duality [30] for
C*-algebras,'® for convenience of the reader we recall a short proof.

Theorem 3.2. There is duality'” between the pair of contravariant functors

SFD
—0

eQ{FD <%FD .

rfp

12Notice that for a finite-dimensional C*-algebra this set is always finite (see remark 2.3).

3Notice that if [@] = [@2] € X4, we have Kerw| = Ker @ hence the fiber (F4), = A/ Ker w, for
w € o is well-defined. Furthermore, since A is finite-dimensional, for every irrep @w : A — B(H), H is
necessarily finite-dimensional and we have @w(A) = w(A)” = (C - Idgy)" = B(H) and hence we see that
A/ Kerw =~ B(H) is primitive finite-dimensional.

4Notice that the quotient map is well-defined: every unitary U intertwining the irreducible representa-
tions @y and @, of A,, is also a unitary intertwining the irreducible representations @ o ¢ and @, o ¢.

15The map (Ag)o is well-defined, since ¢p(Ker(w o ¢)) C Ker @, for all irrep @ € o. Furthermore (Ag),
is a unital *-isomorphism of primitive finite-dimensional C*-algebras, because ¢ is irrep-preserving and
hence the fibers A /(Ker @ o ¢) and A, /(Ker @) are both isomorphic to B(H), for a finite-dimensional
Hilbert space Hy, irreducible under .

16Varela duality holds without any restriction to irrep-preserving and fibrewise #-isomorphic morphisms.
These conditions are here imposed in view of a further spectral analysis of the primitive C*-algebras fibers.

17A duality is a contravariant equivalence: a pair of contravariant functors that are inverses, modulo
natural isomorphisms.
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The base Gel’fand transform G'° : A — TP o £¥P(A), is the natural iso-
morphism of C*-algebras given by x — % € ITP(0,), for x € A, where we define
X0 x+Kerw € (Fy),, with [w] =0 € X4.

The base evaluation transform @g D .= (Q",Qg), is the natural isomorphism of
bundles of primitive finite-dimensional C*-algebras

HQH

UREY)
ggD (F,0,X) —— ;FD o EFD(EF, 0,X) := (g:EFD(g), QEFD(H), DCEFD(H)) where :

o 11" 1 X — Xpro, is defined, for o € X, as 0 : 0= [ev,], with ev, : o 0,

forall o € EF D (@), where [ev,] € IX:EFI)(H) denotes the unique unitary equiva-

lence class of irreps determined by the irrep-preserving unital *-homomorphism
ev, : LP(0) - F,;'%

o Q= Woex Q) () (Tprog) = F, with Q0 - () (Fprog)o — F, is given by
the map Q_Z : % — F,, well-defined as follows: o + Ker(ge(o)) = 0, for

allo € X.
Proof. The base Gel’fand transform 6%” : A — I o £FP(A) is a unital -homo-
morphism in &/} :
(XFY)o = x+y+Kerm, = (x + Kerm,) + (y + Ker@,) =%, +7, = (T +7) 0,
()0 = xy + Ker@, = (x + Kerm,)(y + Kerm,) =%,3, = (T ¢3) -
(X))o = X" + Kerm, = (x + Ker@,)" = (X)) = (@0,
(Lo = La +Kerw, = 1y, = (Iproggroga))os Y1,y € A, Yo € Xg.
By Gel’fand-Naimark theorem (see [7, corollaries 11.6.4.9, 11.6.4.10]), as detailed in

remark 2.3: |[Xllprogro ) = MaXoex , [1X + Ker @olla, = maxoex, l@o(0lla, = lIxla,
SO QZD is norm preserving and hence injective.

Again, from remark 2.3, for finite-dimensional C*-algebras, w : A — EB
is the isometric *-isomorphism @ : x = @pex , TWo(X) = EB,,exAZo, x € A.

The surjectivity of &? follows immediately considering, for an arbitrary sec-
tion o € I o "P(A), the corresponding @oex , 7 € €D, , A, and checking that
x:=w! (®pex , 00) € A has base Gel’fand transform o, since’_io =o,foralloe X 4.

4
A

0eX 4

Finally, the naturality of @F D is obtained, for o A - Ay, x e A, 0 € Xy,
from this calculation:

(T 0 20 = T ooy @o = A5 0 ()@ o (dux,1, )3 (0)
= Ay (x + Ker(w, o ¢)) = ¢(x) + Ker(w,) = @

18Since 7, is a primitive finite-dimensional C*-algebra, it uniquely determines a unitary equivalence
class of irreps.
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For a bundle (&, 0, X) of finite dimensional primitive C*-algebras over a finite set,
the unital C*-algebra I' FD(9) coincides with the direct sum @oex F,. Since, for all
o € X, JF, is simple (being isomorphic to a finite-dimensional matrix algebra) the
only #-ideals of I'*?(#) are of the form @0 ey Jo, for Y c X. For any irreducible

representation @ of I'*?(6), we have that Ker @ is a maximal ideal and hence there

FD
%er(;) is isomorphic to F,. Hence [7] = Q"(()) and the

surjectivity of n : X — Xpro (g is obtained. Since, for 01,02 € X, [ev,,] = [ev,,] if
and only if there is an isomorphism ¢ : F,, — J,, such that y o ev,, (o) = ev,,(0),
for all o € EF D(@), we obtain 01 = 0, (otherwise any section o with o, = Og?n] and
0o, = Ly, would lead to contradiction) and hence the injectivity and bijectivity of n’.

exists an o € X such that

For all 0 € X, the map Qﬁ : (Frrog)ipo) = Fo is a unital x-homomorphism: for
all o, T € I'FP(0),

Qo+ 7+ Ker’(0)) = (0 + 1), = 00 + 7, = Q) (0) + Q)(7),
Q)0 o7+ Kern"(0)) = (0 0 7), = 0, 05, T, = Q)(0) o5, Q)(7),
Q0" + Kern(0) = (67), = (7,)"7 = Q) ()",

Q) (1o + Ker’(0)) = (Iprog))(0) = 13,

Since, for all f € JF,, we have the section A= EF D (0), defined as 65 , = 0z,
whenever o’ # o and 6‘5 = f,and Qﬁ(éf + Kern’(0)) = f, we obtain the surjectivity
of Q7. Since Q/(c + Kern’(0)) = 0Og, implies_ o, = 0, and hence o € Ker(n?),
the injectivity follows and :)ve see that 99 : (ng)'(ffzm(g)) — JFis a fibrewise un_ital
x-isomorphism. As a consequence (Q", 99) is a_n isomorphism in %pp.

Finally, for the naturality of €, for any morphism (', 6", X") on, (F2,6%, %),

we must prove that (ALan, Alun) o (Q"', Q' = (gez, Q"o (A, A)ie.:

/1£(/1,A) o 7701 = 7702 oA,
Q" o ()" (AL o L@

ARyt

— A ° Ao@gz) ° é,;OE(GZ)

"

For the first equation, for every o € X', niz( ) is the unique irreducible represen-
=0

tation [eviio)] associated with the unital *-homomorphism of I*”(6?) onto the fiber

2
?g((g)); n‘gl is the unique irreducible representation [evﬁl] associated with the unital

. 1 . T 1 2y .
*-homomorphism of T*P(6") onto the fiber FE Since ;Y 1 T 5 7D g q

20)
unital *-isomorphism, these two classes of irreps necessarily coincide.
For the second equation, for o € X' and for all o € I'*P(6?), evaluating both terms
1 2 .
on the element o + Ker(AXan o ) = o + Ker(n” o 1) we obtain: Aoo o (o) € EL. O

—0
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Remark 3.3. For a finite-dimensional C*-algebra A, the center Z(A) is isomorphic
(via the base Gel’fand transform) to the commutative unital C*-algebra of sections of
the trivial complex line-bundle over X 4, hence the usual Gel’fand spectrum Sp(Z(A))
is homeomorphic to the (discrete compact) space X4 that also coincides with the
usual structure space A (the set X 4 equipped with the quotient topology induced by
the weak*-topology of P 4 under the map w +— [w]) and with the primitive spectrum
Prim(A) (the set of primitive ideals) equipped with the hull kernel topology. a

Varela duality, like the original Gel’fand-Naimak duality, is an adjoint duality.

¥
=
Remark 3.4. We recall that, in the case of contravariant functors, € 9 the
Aaradd
usual notions of left-right ¥ 4 ® and right-left ¥ + I" adjuctions are replaced by right-
right 4+ ¥ @ + and left-left - ¥ ® 4 adjunctions (see for example [27, section 4.3]).
. . /g\ . . . . . .
More specifically, if € 2 is a covariant adjunction ¥ 4 & with unit
Aaradd
n:1ldg > ® oV and co-unit € : ¥ o ® — Idgy, passing to the opposite category
92°, we get a contravariant right-right adjunction % 2°,4°Y O° r, with two
~——
>
units 7 : Idgy = @° o °Wand €° : Idge — °¥ 0 ©°.
Similarly, passing to the dual category 4°, we obtain a contravariant left-left ad-

g
3 3 (e} /_\ o O 3 3 (e} o (e}
junction % 2, + ¥° °® 4 with two co-units 7° : °® o ¥° — Id¢. and
~—
P
€:¥° o °®d — Idy. Notice, that considering both the opposite categories we obtain a
oo
. . . /_\ . .
covariant adjunction €° 2°, °¥° + °®° with co-unit ° : °D° 0 °¥° — Idee
~—07—
P

and unit €° : Idgo — °P° 0 °®°,

In an adjoint equivalence19 we necessarily have £ 41" & (X +T).

A duality is a contravariant equivalence, hence by an adjoint duality we mean a
duality between contravariant functors whose natural isomorphisms satisfy adjunction
triangle identities. In an adjoint duality (HT' X +) © (T X ). J

Remark 3.5. Notice that the actual choice of the “direction” for geometric morphisms
(A, A) € ‘@il?D of bundles in &pp is essentially dictated by backward compatibility
with the usual Gel’fand-Naimark duality in the commutative C*-algebraic case. Tak-
ing the opposite direction (hence using the opposite category %;.,) would result in
covariant functors ¥P° and °T*? and an equivalence of categories. a

19 An adjoint equivalence is an equivalence between covariant functors whose natural isomorphisms sat-
isfy adjunction triangle identities.
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Proposition 3.6. The Varela duality in theorem 3.2 is an adjoint right-right duality
(4 ZFP TFP v with units the base Gel’fand and base evaluation transform isomor-
phisms. Equivalently we have an adjoint left-left duality (- Z'P T*P 1) with co-units
(G TP o 2P 5 1d,y,, and (€FP)! : TFP o TFP — 1dg,, the inverses of the
base Gel’fand and base evaluation transform isomorphisms.

Proof. In order to avoid adjoint triangle identities for contravariant cases, we make use
of remark 3.5 and the notation in remark 3.4, passing to the opposite category %y,
and considering the covariant functors I" FDo . By, — rp and °§F D otep — Brp-
The induced natural transformation isomorphisms 6“7 : 1d,,, — I'"P° o °2fP and
§fPe o FDorFDe 14 2, satisfy the adjunction triangle identities for the covariant
adjoint equivalence °Xf” 4 T*P° and hence, by remark 3.4 *” and E"” are the two
unit isomorphisms of the right-right adjoint duality (4 Z/? TP ).

From remark 3.4 we also have that (/?)~! : P o £f? — 1d,,, and that
(€FPy1 . 2FP o TP 5 1dg,, are the two co-unit isomorphisms for the left-left
adjoint equivalence (- TP TP 4). O

4 Discrete Fiber Equivalence and Discrete Duality

In the next step, we proceed beyond Varela duality, making a further spectral anal-
ysis of the fibers of our bundles (that for objects in HBrp are just primitive finite-
dimensional C*-algebras and hence type I, factors, for some fiber-depending n € Ng)
in terms of 1-C*-categories. This essentially amounts to an intrinsic description of
each fiber (a matrix algebra) as a convolution C*-algebra of a finite pair groupoid, an
idea that is quite well-known in non-commutative geometry [9, section 1.1].

Although everything is still treated in the discrete case (without topologies and
uniformities), most of the material here presented is developed at a level of gen-
erality well beyond the immediate requirements for a duality for finite-dimensional
C*-algebras; the assumption of finite-dimensionality becomes relevant starting from
definition 4.26.

Before proceeding, we recall some basic properties of C*-categories (for further
details, we refer to P.Ghez-R.Lima-J.Roberts [17] and P.Mitchener [26]).

Definition 4.1. A C#-category C is a strict involutive (dagger) 1-category®® (C, o, *, 1)
equipped with:

20 An involutive category is a 1-quiver C° Setleo (having source map s and target map f), with
identity ¢ : (GRS CL composition o : el x, el .= {(x,y) € el x el sx) = )} — €!, and involution
%1 @1 — @I, that satisfy the structural requirements s(«(A) = A = #(«(A)), for all A € e0, s(x*) = 1(x),
1(x*) = s(x), forall x € €1, s(xoy) = s(y), {(xoy) = #(x), for all (x,y) € €' x, €', and the following algebraic
axioms of: associativity xo(yoz) = (xoy)oz, forall (x,y), (y,z) € Clx,.e!, unitality xou(s(x)) = x = t(t(x))ox,
for all x € @, involutivity (x*)* = x, for all x € €', and anti-multiplicativity (x o y)* = y* o x*, for all
(x,y) € €l x, €. A groupoid is an involutive category C where all morphisms x € € are isomorphisms
(invertible) with x* = x~! and a pair groupoid is a groupoid with all the hom-sets C4p := Home (B, A) of
cardinality one. The bundle map (¢,s) : C — @0 x @9, with fibers CaB, is a =-functor from the involutive
category € to the pair groupoid €% x €0 with objects €.
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e an addition + : €' X, €' := (Jspeeo Cap — C' and a scalar multiplication
-1 CxC! = C' and such that s(a-x) = s(x), ta-x) = t(x), for all (e, x) € CxC,
s(x) = s(x +y) = s(y), 1(x) = t(x +y) = t(y), for all (x,y) € C' x, C!, making
the hom-sets C,p := Home(B, A), for all A,B € GO C-vector spaces (Cap, +, )
in such a way that involutions are conjugate-linear:

(@-x+y) =a-x" +y",
for all (x,y) € C' x, C!, for all « € C, and compositions bilinear:

x+y)o(a-zg)=a-(xoz)+a-(yo2),
(@ wyo(x+y)=a-wox)+a-(zoy),

for all (w,(x,y),z) € C! x, (@' x, @Y x, C!, forall « € C.

e a norm function || -|| : C' — R such that, for every pair of objects A, B € C°, the
hom-sets Cap := Home(B, A) are Banach spaces; the norm is sub-multiplica-
tive: |lx o yll < |Ixll - Iyll, for all (x,y) € C' x, C; satisfies the C*-property:
llx* o x|| = |Ix|I%, for all x € C'; and finally the positivity holds: x* o x is positive
in the C*-algebra*' Cy(s), for all x € CL.

A C*-category is full if Cap o Cpc = Cac, for all A,B,C € C°. 22 The C*-category C
is one-dimensional if Cyp is 1-dimensional, for all A, B € C°.%3 The C*-category C is
finite-dimensional if all the hom-sets Cap are finite-dimensional, for all A, B € C°. A
finite-dimensional C*-category C is said to be finite if its family of objects C° is finite.
A W#-category is a C*-category C such that, for all A, B € C°, the hom-set Cup, as a
Banach space, is the dual of a Banach space (its pre-dual Cap.). A finite-dimensional
C*-category is a W*-category.

. (@°,0") .
A covariant *-functor C; ———— C, between two C*-categories (Cj,0;,%j,1}),
j = 1,2, is a covariant functor** such that ®'(x*') = ®'(x)*, for every x € Gi.

Remark 4.2. There is functor o — €, from the category <7 of unital *-homomor-
phisms between unital C*-algebras to the category % of *-functors between small
C*-categories, that to every unital C*-algebra A associates the C*-category U(A)

21From the previous axioms it already follows that, for all A, B € CO, Cuyis a C*-algebra, and C4p is a
eAA - GBB—bimodule.

22This condition is equivalent to require that all the bimodules C4p are Css — Cpp, imprimitiv-
ity Hilbert C*-bimodules (see footnote 25), when equipped with the two left/right inner products
(x| ¥y i=x0y" €Cys and (x | y)o := x* 0y € Cpp, for all x,y € Cyp, forall A,B € €Y. This means
that «(x | y) -2 = x- (¥ | 2)e, for all x,y,z € C4p (a condition that is always satisfied for hom-sets in a
C*-category) and the following fullness condition: C4p © Cpa = Caa, Cpa © Cap = Cpp.

23 A one-dimensional C*-category is always full, since ||x* o x|| = ||x||*> # 0, for any 0 # x € C4p implies
that Cap o Cpa = Cpa.

24Recall that a covariant functor between two categories consists of a pair of maps ®° : G? - Gg and
@' : el - elsuchthat s, 0@ =005, Pod =d0ory, Ploy =100 and @' 00y = 0y 0 .
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specified as follows: the objects of U(A) are the Hermitian projections p € A, with
p = p* = p*; given two objects p, g, morphisms in U(A) from p to g are given by
(g, x, p), with x € A; identities in U(A) are given by «(p) := (p, 1 4, p), composition
in W(A) is defined as (p3, x, p2) © (p2,¥, p1) := (p3, Xxp2y, p1); involutions in U(A) are
(P, x,q)" := (g, x", p) and ||(¢, x, p)|| := ligxpl|. 4

Definition 4.3. A unital C*-enveloping algebra of a C*-category C, is a unital C*-al-
gebra C*(C) with a *-functor n® : @ — W(C*(C)) that satisfies the following universal
factorization property: for any *-functor ¢ : € — U(A) for a unital C*-algebra A,
there exists a unique unital x-homomorphism ¢ : C*(C) — A such that ¢ = U(¢) o n°.

Two different C*-enveloping algebras of the same C*-category are necessarily iso-
morphic via a unique #-isomorphism factorizing their defining *-functors. We provide
here a sketch of a proof of the existence of a C*-enveloping algebra for a C*-category
C, (for other constructions see [17, 26]).

Proposition 4.4. A small C*-category C has a canonically associated unital envelop-
ing C*-algebra C*(C).

Proof. Consider @ ,_eo Caa = {(xa4) € Xaceo Can |Supyeeo llxaall < oo}, the di-
rect sum of the diagonal C*-algebras of the C*-category, that is a C*-algebra with
componentwise operations and norm defined by ||(x44)ll := sup4eeo lIXaalle,,. Con-
sidering J‘fe = {(xAB) [S XA,BEGO Caz | (ZBECU(-X*)AB o xBA)AeGU S @AE@O Caal, we
see that H® is a right Hilbert C*-module® over the C*-algebra @, e Caa When
equipped with the right inner product given by (x | ¥)e := > gceo(X*)ap © ypa. Every
element x € € has a well-defined left action on H® given by n¢(¢) := x o £. The map
n® 1 € = L(H®) is a =functor into the C*-algebra of adjointable operators on the
Hilbert C*-module €. We define the C*-algebra C*(C) to be the unital C*-algebra
generated by 7¢(C) ¢ £(H®) and we still denote by n° : @ — C*(C) the *-functor
with values into C*(C). We can finally verify that since ¢ : ¢ — A is a =-functor, and
hence ||¢(x)|| < ||x||, there is a unique unital *-homomorphism ¢ : C*(C) — A that
satisfies the universal factorization property. O

Remark 4.5. There is a perfectly parallel “W*-version” of the previous constructions.

. w
Exactly as in remark 4.2, we have a functor &7 — %", from the category <"’ of

o-weakly continuous®® unital *-homomorphism between W*-algebras to the category
€¢" of o-weakly continuous #-functors between small W*-categories.

25 We recall (see for example [7, section I1.7]) that a right Hilbert C*-module M 4 over a unital C*-al-
gebra A is a right unital A-module equipped with an A-valued inner product (- | )4 : M XM — A
that is A-linear in the second variable, Hermitian (x | y) = (v | x)4 for x,y € M, non-degenerate
(x| x)q =04 = x = 0y, positive (x | x)4 € A} := {a*a € A|a € A} for x € M, and complete in
the norm [|x]|ne = [[Kx | x)4ll %2. Anmap T : M — M is adjointable if, for a certain (necessarily unique)
map 7" : M — M, for all x,y € M, (x| T(»))a = {T*(x) | y).4. Adjointable maps are necessarily linear
continuous and they constitute a C*-algebra L(M 4).

26The o-weak topology on a W*-algebra R is the weak*-topology induced by its pre-dual space R..
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A W#*-enveloping algebra of a W*-category R, is a W*-algebra W*(R) with a
o-weakly continuous #-functor n® : R — W”(W*(R)) that satisfies the following uni-
versal factorization property: for any o-weakly continuous *-functor ¢ : R — U’ (8)
for a W*-algebra 8, there exists a unique o-weakly continuous unital *-homomor-
phism ¢ : W#(R) — 8 such that ¢ = U (¢) o n*.

A construction of the W*-enveloping algebra of a W*-category via inductive limits
is given in [17]. An explicit construction of the W*-enveloping algebra of a W*-cat-
egory can also be obtained along the same lines of proposition 4.4, considering the
W-algebra WR := €5, 0 Raa, its self-dual WX-Hilbert W*-module (H™)’ of the
W=R_-module morphisms from HR to WR (see for example [25, section 3] for the
relevant definitions for Hilbert W*-modules), and taking the closures with respect to
the o-weak topology. J

Remark 4.6. Consider the directed set 2 of finite subsets Q ¢ €0 of objects of C,

under inclusion. Every section o : C° x C° — €! of the bundle C! &9, €Y x €% with
support in Q x Q determines an adjointable operator acting via “line-by-column” mul-
tiplication on HC: 0(é)ap 1= Y jeq 0 as0&yp. In a perfectly similar way, making use of
the construction of the W*-enveloping algebra in remark 4.5, every section with finite
support will determine an operator on (3®)’. The family of finitely supported sec-
tions is an involutive subalgebra of both C*(C) and W*(C) with multiplication given
by matrix convolution (0! ©0?)45 = 3, 0} ;002 and involution given by the matrix
adjoint (0*)ap = (0pa)".

Consider the canonical resolution of the identity Q — Io, where (Ig)aa = le,,,
forall A € Q, and (Ig)pc = Oe,. otherwise. For every operator T € L(H®), consider
its induced net of finite-objects truncations (T'q) ¢ with Tq :=Ig o T o Iq.

Define K(H®) c L(F®) as the (not necessarily unital) C*-algebra generated by
finite rank operators and notice that, whenever 7' € fK(fHe), wehave T = limg_,,0 T0,
where the limit is taken in the norm topology.

It follows that K(J{®) consists of sections o : C® x C* — €! (not necessarily with
finite support) whose nets of finite truncations (0q) ¢ are convergent in the operator
norm of £(H®). The multiplication operation in K(H®) coincides with the well-
defined convolution (o' ©@0)4p := X ; o’} ;00 ; and the involution operation coincides
with the well-defined adjunction (c*)45 = (0°4)*. The enveloping unital C*-algebra
C*(C) is isomorphic to the canonical unitization of of the non-unital enveloping C*-al-
gebra K(C) and hence for every o € C*(C) there is a constant k, € C such that
(00g — ko - Ig) converges in operator norm to o — k, - 1.

The convergence in operator norm property of the net (Tq) o of finite truncations
of T € L(H) is stronger than the request of “blockwise”” norm convergence of the net
of truncations, that in the case of W*-categories (and hence finite-dimensional C*-cat-
egories) C, actually identifies the sections in the W*-enveloping algebra W*(C). J

Proposition 4.7. A [-dimensional C*-category C canonically determines a class of
unitary equivalent irreps of its (unital) C*-enveloping algebra and of its W*-envelop-
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ing algebra, on Hilbert spaces whose dimension is equal to the cardinality of the class
of objects C°. The enveloping W*-algebra W*(C) is a type I factor and we have a
canonical injective unital o-weakly dense x-homomorphism te : C*(C) — W*(C)
preserving the previous unitary equivalence classes of irreps.

Proof. For any 1-dimensional C*-category C, making use of Gel’fand-Mazur theo-
rem [7, 11.1.4.3] for the diagonal C*-algebras C,,, for every object A € C°, we see
that there is a unique state on @ Aceo Caa, defined as a family (¢4)4ce0 of (necessarily
unique) unital #-isomorphisms ¢, : C44 — C. Following the proof of proposition 4.4,
the enveloping C*-algebra C*(C) has been defined as a unital C*-subalgebra of the
adjointable operators on the left-D, oo €44 Hilbert C*-module H® = ), oo HY,
(external) direct sum of the left-C,4 Hilbert C*-modules

Hy = {(XBA) € >< Cha | {Z (x")ap o xBA] € GAA}
AeR0

Be0 BeRo

that, via the canonical C*-isomorphisms ¢, : C44 — C, are actually Hilbert spaces
invariant and irreducible?’ under the action of the C*-algebra C*(C). We only need
to show that all the irreducible representations of C*(C) on i]{f, for A € @0, are
unitarily equivalent. For this purpose, we observe that H® = P Ac@ CHE is also a
right module for the original C*-category C, via the standard (line by column) right
action R(€) := £ o x € HE, for all ¢ € HE, x € Cup, hence R(HS) ¢ HS and, by
associativity of composition in €, we see that R, is an intertwiner of representations
T(R:(£)) = R(T(&)), for T € C*(C)and £ € 9{/?. For two arbitrary objects A, B € €,
let x € C4p be a non-zero element, considering u := x/||x||, since u o u* = l¢,, and
u* ou = le,,, we obtain that R, : J—C/(:' - ng is a unitary intertwiner between the
irreps of C*(C) on ¢ and (5, as desired.

A 1-C*-category is necessarily a 1-W*-category; by remark 4.5, since Hilbert
spaces are self-dual, also W*(C) is irreducibly faithfully represented, in an equivalent
way, on each of the previous Hilbert spaces 3¢, for A € CO. It follows that W*(C) is
necessarily a type I factor, isomorphic to B(fo). Our direct constructions ensure the
o-weakly dense inclusion C*(C) ¢ W*(@) ¢ L(H®) and also show that under pull-
back by ¢e the canonical irreducible representation of W*(C) restricts to the canonical
irreducible representation of C*(C). O

As a standard byproduct of abstract category theory (see for example [24, theo-
rem 2.3.6, corollary 2.3.7]), the previous construction of C*-enveloping algebras is
functorial and underlies an adjunction.

u
S
Corollary 4.8. There is an adjunction C* 4 W of functors <f € with unit
~—
C*

?7Since C is full, for any pair of objects C, D € €°, we can choose a unitary element ¢“? € C*(€) such
that eg,%, = OGC’[)’ whenever (C’, D’) # (C, D); if an operator T € B(JH4) is commuting with all the D,
we necessarily have that T € C - Idgg, .



122 Discrete Non-commutative Gel’fand-Naimark Duality

n : Ide — Wo C* defined as C +— 1%, for C € €°, and co-unit € : C*oll — Idy

given, for A € o/° by A — €* 1= W(tp), the unique unital -homomorphism such

that W(e™) o p"“Y = (1), where 14 is the identity map of the unital C*-algebra A.
g

—=\
There is a perfectly parallel adjunction W* + 0" of functors /" € between
~—07—

W*
the categories <" of W*-algebras and €" of W*-categories, as defined in remark 4.5.

We also need to define a “categorical-valued generalization” of the notion of tran-
sition amplitude space (a structure reminiscent of a “square root” of a K.Landsman
transition probability space [21, 22]) that was originally introduced and studied by
S.Gudder [18, section 4.5].28

Definition 4.9. Given a C*-category C with objects P := C°, and morphisms & = @,
an E-valued C*-propagator on P consists of a sectiony : P X P — & of the bundle
7w & > PXDP, where n(x) := (t(x), s(x)), for x € C, such that:

e y(p,p)=uUp) € Eyp, forallp € P,
e v(p,q)" =v(q,p), forall p,q € P,

o there exists at least one y-frame,” i.e. a subset O C P such that

Y. q) = Zy(p, noyt.q), VYp,qe?.
€0

A subset J C P is y-orthonormal if y(p,q) = O¢,,,
propagator vy is total if every maximal orthonormal set is a y-frame.
Whenever C is a W*-category, (E,n,7y, P) is a W¥-propagator.
A propagator (€,71,y,P) is finite-dimensional (one-dimensional) whenever its
C*-category (€,m,P) is.3! A finite-dimensional propagator (€,r,y,P) is finite if it
has a finite frame.> The family of total &-valued propagators on P is denoted by
#O(n).

whenever p # q. We say that the
30

28We warn again the reader that here we are “oversimplifying” the discussion: in reality, also for the case
of finite-dimensional C*-algebras, the “correct” notion of propagator requires the introduction of suitable
topologies and uniformities. In this paper, we can proceed ignoring such complications, only because,
in the finite-dimensional case, the restriction of the propagators to y-frames becomes a one-dimensional
C*#-category.

21t follows that every C*-category € admitting a propagator must be connected i.e. dimc € pg > 0, for
all p,q e €.

3OEvt:ry frame is always a maximal orthonormal set [ 18, lemma 4.20], hence for total transition amplitude
spaces the two notions coincide.

31 Any finite-dimensional C*-propagator is a W*-propagator.

32Notice that a finite propagator is not necessarily a finite C*-category (its family of objects is not neces-
sarily a finite set) although it is always a finite-dimensional C*-category.
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A geometric morphism of C*-propagators® (&', 7', y!, P L3, (&%, 7%, 9%, P?)
consists of a function P? i P! and a covariant *-functor’* £*(n') = 2 such that
Zo = Idge and > = 1 0 £*(y") o (Id g );'; geometric morphisms of W¥-propagators
are similarly defined requiring the o-weak continuity of the =-functor 2. A geometric
morphism of propagators is frame-preserving if for any y*-frame O the image £(0O) is
a y'-frame.?

We denote by W the category of frame-preserving geometric morphisms of total
propagators with compositions and identities as previously defined in section 3 for
the category Brp. The full subcategory of 1-dimensional total propagators is here
denoted by 1-W'. The subcategory of frame-preserving geometric isomorphisms in W
between finite 1-dimensional total propagators is denoted by Wgp.

Given a (finite) propagator (€, n,7y,P), a section o : P — & of the bundle n is
y-invariant if, for any two pairs of y-frames O; X Oy, O3 X Q4, we have:

o(p,q) = Z yp,r)eoa(r,noy(t,qg), Y(p,q) €0;x0,.
(£,r)€03x0O4

A C*-section is a section of a C*-propagator that, restricted to a y-frame O, belongs
to the unital C*-enveloping algebra of the full C*-subcategory E|lg := ' (Ox Q) C &
with objects O:

oloxo € C*(Elo), forevery y-frame O.
A W#-section of a W*-propagator, is a section that restricted to a y-frame O, belongs
to the W*-enveloping algebra of the full W*-subcategory €| 1= 771 (O x Q) C € with
objects O:
dloxo € W¥(E|o), for every y-frame O.
A y-invariant section is a C*-section o~ of a C*-propagator (or a W*-section of

a W*-propagator) if and only there exists a y-frame O for which o|gxo € C*(€|o)
(respectively oloxo € W*(E|o) for a y-frame O).

33 Again, in the case of isomorphisms, the notion here introduced could be equivalently replaced by a
covariant =-functor (this means that we have two maps Z; : el 5 &2 and 5y : P! - P2, such that
7?0 E| = Egon', that satisfy £ (1! (w)) = 2(Ep(w)), for all w € P, E;(x*1) = E1(x)*2, for all x € &' and
Zi(xoly) = E1(x) 02 E1(y), for all (x,y) € €' x_1 &), such that 1 o y! =2 o E.

34Here, we consider C*-categories as Fell bundles over discrete pair-groupoids and Z is a covariant
x-functor, that preserves the transition amplitudes, from the C*-category £* ('), the (&, &)-pull-back of the
C*-category r', to the C*-category 72

35 In the case of 1-dimensional propagators, since 1-C*-categories are full, every *-functor between
them is necessarily full and faithful and hence a fibrewise linear isomorphism. As a consequence, for
geometric morphisms of 1-dimensional propagators, & : P> — P! preserves orthogonality, but in general
does not necessarily send frames in frames (the surjectivity of & is a sufficient condition). Frame-preserving
geometric morphisms of 1-dimensional propagators are necessarily isomorphisms when restricted between
corresponding frames.
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‘We proceed now to establish an adjunction between a category of propagators and
a category of irreps-classes of unital C*-algebras. In view of further future applica-
tions, we will develop this material at a level of generality that is much higher than
strictly required for our finite-dimensional situation.

Proposition 4.10. The family of y-invariant C*-sections
L) :={c:PxP — &|nooc =Idyp, y-invariant C*-section)

of a (finite) C*-propagator (€, rt,y, P), is a unital (finite-dimensional) C*-algebra with
the following operations and norm:

(c+0)(p,q) :=0p,q) te T(p,q), (@ -0)p,q) :=a-e7(p,q),

@)p.q) = (0(q: p))"*  (cODp.q) = Z o(p,1) oe 7(1,q),
€O

llollr, oy = lloloxollcselo),

where @ € C, o, 7 € I, (m), p,q € P, O is a y-frame.
The C*-algebraT',(n) is the convolution C*-algebra of the C*-propagator (E,n,y, P).

Similarly, the family of y-invariant W*-sections of a (finite) W*-propagator
F’y’(ﬂ) ={0:PxP - &|nmoo =1dyp, y-invariant W*-section}

is a (finite-dimensional) W*-algebra with the operations and norms defined above.
The W*-algebra I'/(n) is the convolution W*-algebra of the W* propagator.

Proof. From the definition of propagator, we have y|o,x0, © Yl0,x0; = YI0,x05»
Y0lo,x0, = 7'62on for all y-frames O, O, O3, and y|oxe is an “identity matrix” on
the y-frame O, hence y € I', (7). A direct computation shows that the “convolution”
multiplication ® and the norm || - ||r,r) do not depend on the choice of the y-frame
0. Using remark 4.6, given a y-frame O, we see that the map o — oloxe is ac-
tually a bijective map between I',(r) and the C*-enveloping algebra C*(€|p), that
is also an isometric *-homomorphism, hence I',(xr), with the given operations and
norm, is a C*-algebra with identity y. Similarly, for a W*-propagator, since I, (1) is
o-weakly dense in I} () and C*(€|o) is o-weakly dense in W*(E|p), the previously
defined isomorphism of C*-algebras o — oo« uniquely extends to an isomorphism
of W*-algebras from I'} () to the W*-enveloping algebra W*(E|o). O

Proposition 4.11. A I-dimensional propagator (€, ,y, P) uniquely determines a uni-
tary equivalence class [r,y] € Xr () of irreps of its convolution C*-algebra I'y(r) and
hence a unique unitary equivalence class [r,y]” € Xry(x) of the W*-algebra I} ()36
There is canonical unital injective x-homomorphism vy, : T',(7) — 1";,’ () with
o-weakly dense image, from the convolution C*-algebra to the convolution W*-alge-
bra of the 1-dimensional propagator. The map vy, satisfies L('ﬂ,y)([ﬂ', y]”) C [m,y].

36For finite propagators, since the convolution C*-algebra is simple finite-dimensional, it has a unique
irreducible representation up to equivalence.
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Proof. By proposition 4.7, for every y-frame O, we already have a canonical unitary
equivalence class of irreps for the enveloping C*-algebra C*(&|o) of the 1-dimensio-
nal C*-category €|¢.

Since I')(7r) is isomorphic to C*(Eo), for any y-frame O, via the isomorphism

lo : 0 = oloxe, and such isomorphisms are equivariant under the adjoint action

|‘ X
of the pair-groupoid with objects the y-frames and morphisms O, RdbitN O, with

convolution composition, o, = Ady, ., © lo,, we have a unique unitary equivalence
class of irreps for I', (7).

Similarly, by proposition 4.7, for every y-frame O, we also have a canonical uni-
tary equivalence class of irreps of the eveloping W*-algebra W*(€|g). Since I} ()
is canonically isomorphic to W#*(€|), and by the previous argument Ad,,, ., is a
canonical W*-isomorphism between W*(&|p,) and W*(E|o,), for any pair of y-frames
01, 02, we have a unique unitary equivalence class of irreps for I' ().

The o-weakly dense inclusion tg), : C*(Elo) — W*(E|p) in proposition 4.7 is
Ady, ,o,-covariant and hence it uniquely induces the map () that “preserves the
canonical irrep classes” i.e. {(z,y) © @ € [, y], for all @ € [m,y]". ]

Remark 4.12. For a 1-dimensional propagator (.7, y, P), we have a natural W*-iso-
morphism between the W*-algebra I'/ (7) of y-invariant W*-sections and (I" V(H))E;w]’
the W*-algebra of “orbits”, of I, () under unitary equivalence of the irreducible rep-
resentations w € [, 7y].

By the previous proposition, we know that I'y(7) is o-weakly dense in I")/ () with
L(.ﬂ’y)([ﬂ, v]”") C [x, y]. Furthermore, following the arguments in remark 2.1 and later in
remark 4.16, we have a canonical unital x-homomorphism @, ,; : I’y () — (I, (1) I/:/r,yl
with o-weak dense image such that wfm]([n, v]”) C [x,y]. As a consequence, the two
W-algebras I') () ~ (Fy(ﬂ))gwl are canonically W*-isomorphic. a

The construction of the convolution C*-algebra and W*-algebra of a 1-dimension-
al propagator and their unitary equivalent classes of irreps is functorial.

Proposition 4.13. Let % denote the category whose objects are pairs (A, 0), where
A is a unital C*-algebra and o € X 4; and whose morphisms (A', 01) i) (A2, 0,) are
unital x-homomorphisms ¢ : A" — A? such that $*(0,) C 01.”

There is a covariant functor : 1-W — X that:

e fo every one-dimensional total propagator (n,7y) associates the pair:

(r,y) = (I (), [, y]7),

3If @, @’ are unitarily equivalent irreps of A”, we have that ¢*(w) and ¢*(w’) are unitarily equivalent
representations of A! and if one of them is irreducible they are both unitarily equivalent irreps of A;. The
condition ¢*(02) C 07 is equivalent to the existence of an irrep @ € 0, such that ¢*(@) = w o ¢ € 07. An
irrep-preserving unital *-homomorphism ¢ : A' — A? also preserves unitary equivalence, as a consequence
the ¢-pull-back map between irreps induces a well-defined quotient map [w] — [@ o ¢].




126 Discrete Non-commutative Gel’fand-Naimark Duality

. . . &5
e 10 aframe-preserving geometric morphism of propagators (n',y') —— (n2,?)

in W associates the morphism (', y") BN (2, yz) in Z given by:

¢z o Eof(0)o (Idryl);l, Yo € 1";'1 (7).

Proof. By footnote 35, a frame-preserving geometric morphism of 1-dimensional
propagators necessarily restricts to an isomorphism between the y,-frames O and the
y'-frames £€(0). As a consequence, we have (=) (0) € F’y’z(nz) for o e T, (",
i.e. the section 2 o &*(07) o (Idp: );1 is a W*-section that is y?-invariant.

A direct computation shows that (=) : I“;’l (") - l"’y’2 (72) is a unital *-homomor-
phism of unital C*-algebras (and actually an isomorphism of W*-algebras) and that
(€)' (771" =[xy,

Finally, iscovariant: (205 = @2)° @&E)»  (dpady),) = drym. O

We will denote by P : #pp — Zpp the “restriction” of the functor  from the
sub-category #rp of isomorphisms of finite 1-dimensional total propagators and the
subcategory Zrp of isomorphisms in Z for finite-dimensional C*-algebras.

Making full usage of the notation introduced in remark 2.1 we have the following
spectral construction:

Proposition 4.14. 7o a pair (A, 0), with A a unital C*-algebra, and o € X 4 a unitary
equivalence class of irreducible representations of A, there is an associated spectral
transition amplitude propagator ~,(A) := ((E4)o, TA)or (Va)os (Pa)s) specified as
follows (see remark 2.1 for the notation):

e (Py)y = X;[] (0) = {w € Py | [wy] = 0} is the family of pure states w € Py
whose GNS-irrep w,, belongs to the equivalence class 0 € X 4,

® (En)o = E’J(w,p)e(‘Pﬂ)(,x(Tﬂ)(,(gﬂ)wpr where (Sﬂ)wp =loXowl| ‘A(/), lpXpel,
hd (ﬂ/l)o : (gﬂ)o - (:Pfl)o X (ﬂ)A)or with (ﬂA);l((w,P)) = (SA)wpy

o (Yo : (Pa)o X (Pa)y = (En)o With (ya)olw,p) =l o X w | Lay | pXp | for
w,p € (:PA)(J-

The spectral transition amplitude propagator is one-dimensional and total.

Proof. The “bundle” (€ 4)0, (.4)0> (Pa)o X (P 4),) over the pair groupoid base-space
(Pa)o X (PA), becomes a C*-category, with hom-sets consisting of the normed spaces
((Ea)o)wp C Ay, with the following operations:

(loXw I T1IZXL1)o (1EXE1S 1pXpl) =l wXw | (T1{XL1S)1pXp ],

(loX@IT1EXL1) =lpXp I T lwXwl, Yw.lp€@Pa)n VT.S €A,
Uw) = L& 1)) the identity of C*-algebra ((€4)0)ww = C, Yw € (P4),.
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We need only to show that (y.4), satisfies the propagator axioms:
Ya)o(w,w) =l w X w|1ay |wXwI|= e, = Uw),
Fao@,0) = (loXw | 1a; 1pXp 1) =lpXp | lay lwXwl= a)p,w),

since 0 € X 4 and for w € o we have A!) ~ B(H,,), frames are in bijective correspon-
dence with orthonormal sets in H,, and hence ((7.4),, (Y.4)o) is a 1-dimensional total
propagator. O

The previous construction of the spectral transition amplitude propagators of irrep-
classes of unital C*-algebras can be made into a covariant functor.

Proposition 4.15. There is a covariant functor : % — 1-W defined as follows:

e 10 every pair (A,0) € Z, associates the spectral transition amplitude propa-
gator constructed in proposition 4.14, (A, 0) := Z,(A),

. ¢ . . . .
e 10 every morphism (Ay,01) = (Ay,02) in #Z, associates a morphism in 1- %

(A1.01) = (Az,00) givenby 4 = (£*,E%) where: £+ (P4,)o, = (Pa,)o,
is the ¢-bull-back of pure states £%(w) = w o ¢, for w € (Pa,),,; and the
map % : (£2)°((E4,)0)) = (E4,)0, is fiberwise defined for all w,p € (Pa,),,
as (E¢)wp : (§¢).((8A1)01)|wp = ((8A1)01)|§¢’(w)§"’(p) - ((gﬂz)oz)lwp via the map
lwop X wod | @, (x)|pog)Xpod|-|lwXw|@,od(x)|pXpl forxeA.

Proof. Since ¢ satisfies ¢*(0,) C o1, the map & : (P A2)o, = (Pa,)o, and the fibrewise
linear map E* : (€)°((E.4,)o,) = (€.4,), are well-defined.

The fact that Z7 is a *-functor and that Z% o (£7)*((y.4,)0,) © (Id(» , ), );ml = (Ya,)o
follow, by direct computation, since ¢ : A; — A, is a unital *-homomorphism.

Since ¢°(02) C 01, we see that (£, 2%) is a frame-preserving morphism in 1-%.

The covariance of : 4oy = g0 y, 19, = Tdwp,y),, AdP, ) w0, = 1d )
follows from a direct computation. O

We will denote by P : Zrp — #pp the “restriction” of the functor  from
the sub-category Zrp of isomorphisms in Z for finite-dimensional C*-algebras to the
subcategory #rp of isomorphism of finite 1-dimensional total propagators.

Remark 4.16. The unital *-homomorphism @, : A — A} defined at the end of
remark 2.1 has image @,(A) that is o-weakly dense in A’ since w,,(A)’ = B(H.,),
for all pure states w € o, and A/ ~ B(H,,) via the W*-isomorphism (7,) - T,. Asa
consequence every pure state w € (P 4), uniquely extends to a pure state w” € P 47;
furthermore, for all w € (P 4),, the states w” induce unitarily equivalent irreps of A/
and hence there is a unique 0’ € X 4~ such that @}$(0”’) C o and we have a bijective
the map (P4), > w — W' € (P A;;),)n.” It also follows that there is a canonical
W#-isomorphism @, : A — (A))",.

38 Although there is a bijective map between (P ), and (Paz)er, in general the map (P )y — Py can
be very far from surjective and X 4, can contain many other points apart from o”.
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The construction of the spectral transition amplitude propagator of (A, 0) in propo-
sition 4.14 is “naturally invariant” under the map ( )” : (A,0) — (A},0"), that is

actually an endo-functor of %Z. This means that the functor : (A,0) — Z,(A) is

naturally isomorphic to the functor o( )" : (A),0"”) = Z,/(A.) via the natural iso-
(0(A,0):0A.0))

morphism X, (A))) ———— X,(A) where 64,0y 1 (Pa)y = (Par)y is defined as
Oa0 tw = W and O ) : 9(' A 0)((71 A )o) = (T4), 18 the 64 ,)-pull-back fibrewise
identification between (€ 47 ), and (€.4), given by

" X" @ (T) | p" Xp" ImloXw| T pXpl, YT €A7,
where @, : A — (A}, is above mentioned canonical W*-isomorphism. 4

Definition 4.17. The algebraic Gel’fand transform is the natural transformation
® :Idgp > o that to a unitary equivalence class of irreps of a unital C*-algebra
(A, 0) € Z° associates the morphism

O a0 1 (A,0) = (I, (TA)o)s [(mA)o, (YA)o]”)
in Z given by ® 4 ,)(x) := X, for all x € A, where:
Xi(wp)lolw|l @) pXpl, forallw,pe Py suchthat [w,] =0 =[w,]
The previous definition is fully justified by the following lemma.

Lemma 4.18. For (A,0) € %°, the algebraic Gel’fand transform % of x € A sat-
isfies X € FE;A)U((TI A)o)s and hence ® 4, : x = X gives a well-defined function
6 A— FE;A )“((IT A)o) that is also a morphism in %. Furthermore the function
6 : (A, 0) = ®4, is a natural transformation ® : ldg — o

Proof. For all x € A and for every (y4),-frame O, X is a W*-section in W*((€ 4),|0),
because, making use of remark 4.6, given any finite subset Q C O, the net of Q-trun-
cations X|g o-weakly converges to the operator norm bounded section X.

From the proof of proposition 4.10, we know that (y.4), = i A 1s the identity of
the unital W*-algebra FE’“ )0((7r A)o) and hence, for every (y.4),-frame O, we have that
(Ya)o € W*((EA)olo) 1s the identity element of the enveloping W*-algebra of the
C#-category (€4)olo. Since lws e ,),l0 = Xpeo | p){p |, by direct computation, we
get Xlo,0, = (Ya)olo,0, ©Xlo,0, © (Y4)olo,0,, that is the (y4),-invariance of X.

Showing that 4, : A — o (A) is a unital *-homomorphism, requires
the proof of the following properties X-y = £ -9, X+y = £+ 9, ¥ = (&) and
i A =1 (a0, forall x,y € A, that, just evaluating all the Gel’fand transforms on
pairs w,p € (P4),, are immediate consequence of the definition of the operations in
the spectral transition amplitude propagator given in the proof of proposition 4.14.

First of all, notice that, using the notation in proposition 4.11 and remark 4.16,
given a propagator (m,y) € 1-#,if w : ', ,,((ma)o) = B(Hz) is an irreducible rep-
resentation w € [rr,y], we have a type I factor w(I'y(n))” = B(H) and a unique
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normal extension w’’ : FE/A)O((” A)o) — B(Hy) to the W*-algebra Fg;A)O((n 1)o)
with @” (I} (1)) = B(Hg). ‘In this way we obtain a bijective correspondence of ir-
reducible representations [7,y] 3 @ +— @” € [r,y]”. Making use of the notation

introduced in 4.20 and lemma 4.21, we have p@)e:0)0) = (P4, — Pry @
Ao

and g0 (%) = £ (R(w,w)) = wx), for all x € A and w € o, and hence

g rade) 64,0 = w; furthermore g e0200) ¢ (1 4),, (y.4)o]. Considering the
irreducible r]g’“‘ Joslr.400)_GNS representation @y, of I', ), ((.4),), with GNS-vector &,

we see that (¢ | @y o Ban(0)E) = n,(X) = wx) = (€ | Tu(0)E,). It follows
that there exists a unique unitary operator mapping &, to & and intertwining the two
GNS-representations above and hence [w;l'w 004, =[@y] = [w] =o0.

To prove that ® is a natural transformation, we need to check that, for all mor-

phisms (A", 01) %\(Az, 07) in the category %, we have 642,00 = ( o641 ,,),
ie. (=)&) = @(x), forall x € A, and this just means that for all w, p € (P42),,,

Eﬁp(l wopXwod|m,(x)|podXpod|)=lwXw|@,odx)|pXpl

which is the defining property of 4 = (£?,Z%) in proposition 4.15. o

Remark 4.19. In general the algebraic Gel’fand transform A M F{;A )n((ﬂ' 4)o)
is neither injective nor surjective. If the unital C*-algebra A is not primitive there
is for sure 0 € X4 for which &4, is not injective since, for m € o, Kerr is non-
trivial. The surjectivity of the algebraic Gel’fand transform is present exactly when
A, is isomorphic to a W*-enveloping algebra of a pair-groupoid. The full subcate-
gory Z of %, with objects unitary equivalent classes or irreps of unital C*-algebras
whose Gel’fand transform is an isomorphism in %, necessarily contains all the prim-
itive finite-dimensional C*-algebras (hence Zrp = Zrp), since a primitive finite-
dimensional C*-algebra is necessarily isomorphic to a matrix algebra. a

Definition 4.20. The algebraic evaluation transform € : o — Id,.y is the nat-
ural transformation that to every one-dimensional total propagator (z,y) € 1-#°
associates the morphism of propagators € ) = () )iy > Vry@)iayy) = (@,7) in
1 given by G, := @™, Q7)) where:

1" 2 P > (Pry)inyy» withny (@) := {3 o o(p, p), Yp € P, Yo € T}/ (x),

with g"[’,’ : €pp — C denoting the unique Gel fand-Mazur isomorphism;

Q@Y ()7(”’7))‘((Er;/(,,))[,,,y]u) — &, fibrewise given, Vp,q € P, Yo € l";,'(ﬂ), by

(my) .
Q7 (Erym)iyr Dyrnyirn = € pgs

Q0 Y | gy () |07 Y0 [ 0.

Again, the previous definition is fully justified by the following lemma.
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Lemma 4.21. For (&, 7,7, P) € 1-#° and p € P, we have ngr’y) € (Pry(m)inyy> hence
N P = (Prym)ingy is well-defined.

Ifo.t € ) and | 1, X0y | @iy (@) |0 Xng 1= 1, X0y | @i (@) 11 X1, |
for any p,q € P, we have o, = T, hence Q™) : (n(’”’))'((81-/7/(,,))[,,’7],,) — & is
a well-defined fibrewise linear map that is also an object-preserving =-functor such
thaty = Q™) o (77("’7)).(71"'{(77)) ° (Id?F’{ ) );(l,w and hence € ) := @™, Q") is a
geometric morphism of propagators in 1-W . Furthermore, the map € : (n,7y) = € )
is a natural transformation € : o — Idj_y.

Proof. For every p € P, the fiber £, is a one-dimensional C*-algebra and there is a

unique Gel’fand-Mazur isomorphism {7 : €,, — C and hence 7]("’7) :TJ(m) — Cisa

P
(m,y)

p | 1s unital:

well-defined linear map. The map

My () = 1,7 0) = GO, p) = G(le,,) = Le:

and positive, since for any y-frame O, we have:

5 (c* 0 0) =7 {Z o(q,p) o o(q, p)] > Oc.

q€0

Since (7, y) is total, by Zorn’s lemma, for every p € X, there is a y-frame O such
that p € O. Let ¢ : 0 > oo be the isomorphism between I'J () and W*(E|o), the
enveloping W*-algebra of the W*-category €|o. Since compactly supported sections
of €|¢ correspond to finite rank operators on the nﬁ,”’” o ~'-GNS Hilbert space, the
image @y w,l(W*(Slo)) contains all the compact operators and hence [ is
an irreducible representation i.e. n(p” RERS Y~ and n(p”’w are pure states belonging to the
canonical irrep [, y]”.

From its definition, QE,’;") is a linear relation. In order to show that it is a well-
defined linear map, we need to show, for o € I (n), p, g € P, that E(n;"‘y),ngﬂ’y)) =0
implies o, = 0. For this purpose, consider the y-invariant C*-sections defined by
Yp(P'.q') :=y(p', p) o y(p,q') and similarly y,(p’, ¢') := ¥(p’, q) © ¥(¢, ¢') and notice

that @i, ,(y,) =| ng,"’y) ¥ 7]5,”’7) | and similarly for y,. Since

(7,7)

0=0(, ,q(q”’y))

=115 Xy | B (@) | 05" Xy |= Dy (vp 0 7 0 7).
using the fact that @, is faithful, we obtain: ,; =y, 0oy, = 0.

The linearity of Q™ is explicit in its definition. Since it is acting fiberwise as
Qf,,’;’"/) @) (Erym)pg = E€pg» it preserves objects, i.e. 70 QY = (7py )y

Lete € Erymlpr and f € Erynley; consider any two sections o, 7 € ') (7r), such that
3(175)“7),";7!#)) =e and?(qi”"/),nf]ﬂ,y)) = f. We have Q7™(e) = ), and Q™ (f) = 14.
Let us define the new y-invariant C*-sections o”(p’,q’) := y(p’, p) o o(p,t) o y(t,q")
and similarly 7/(p’, ¢') := y(p’, p)ot(p,t)oy(t,q’), for all p’, g’ € P. The new sections
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satisfy o, = 07 and 7j, = T,4. Since the map Q@Y is a fibrewise isomorphism, we
have 0"(17("”,17,"”) =e and?(n(”),n;”)) = f. Since (07 © '),y = 07, 0 T}, We

obtain Qﬁ,’;”(e of)= g; M(e) o Qg ?)(f) and hence the functoriality of Q).

since (| 7, X1y | @iryi(@) 17 X1y 1) =119 Xy | Dy (@*) 17, X0y |, we have
that Q™ is involutive: Q) o % = x 0 Q@) Hence Q@Y is a »-functor.
Since we have Q“{JJ - (1np" » Xy | ) 10" Xy 1) = y(p. g) for all

p,q € P, it follows that (n(” ¥, Q) is a geometric morphism of propagators.

As explained in footnote 35, since (™), Q™) is a geometric morphism of 1-di-
mensional total propagators, the map 7™ sends a given y-frame O, into a Yy (xy-Or-
thogonal set and 7™ is injective when restricted to y-frames. Given a y-frame O,
from the details in the proof of proposition 4.7, we see that W*(Q) is canonically
represented in L2(W*(0)) =~ @peo 9{;:"9, where (denoting by |o : I')(1) = W*(O)

the canonical restriction isomorphism) each of the orthogonal Hilbert subspaces 9{5"@

coincides with the invariant irreducible 7](" Mo |‘1-GN S space of W*(O) with GNS-
vector | 17(” R 17(” ) |. From the partition of unity Id2 w0y = Xpeo | 11(7r Y ﬂ(ﬂ 7|
we have that ™ 7)((‘)) is a yry(n-frame and hence (n™?, Q™) is frame-preserving.

Given a morphism (&', 7', y!, P1) SR (€%, 7%,9%, P?) in 1-#, we denote, with a

slight abuse of notation:

€ ,m,y,P): o (&,my,P)=

= ((Sry(n))[n,y]", (g )iy s Yy )iy s (fprg(n))[n,y]")

and, for the morphism (€', 7', y', P") L2 (&2,7%,9%,P?*), we will use the nota-
tion (¢ ,E ):= ¢ €2) = (5( €) 20 €))

In order to show that € : o — Idj.y is a natural transformation, we have to
prove the following (£, E)o (™ 7", Q@ 7)) = (™), Q= 7))o (¢ ,E ). This means:
(7](”]’71) o 5) = (f o 17("2’72)) . PP ﬁ) P! s

=) @'y (0@ o=
(“OQ OZ(::M'Y‘) f))_(g o= °

For the first equation above, for ¢ € P? and o € l";’l ("), we have:

05 (o) = £, (0 (). £@)
€ o™y =087 ez =0 T (E 0 £(0) 0 (dp);)
= (& 0 Z)0(EQ), E@))),

from the Gel’fand-Mazur canonical isomorphisms 4’ “p = %4 © 7 &, the equality follows.
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For the second equation, for all p, g € P?> and o € I, (n!), we have:
y

[1]

@'y @' g @y @y Ny @y
ra © Lepyecq) (' Ten KM | @ronlol g Kiigg |)
Epg(0(€(p).£(q))

2.2 2,2 2 52 2.2 2.2
=00, (1057 Vel e @ 7 g )

—
=

—_ o@Y) (%) (.7%)
Q °~,,(n2.72>,,<n2,72>(|’7p o ¢y XMy o ¢y |l T ylol
p q

=32
1 @Y )
= ng, o ¢z XMy ° 3l )
_ o™ = (IR RN IR 'y @y
= 0B e (' Tep) MMy | Pl e X gy 1)

2 = @y _ @) = (el 2
hence, for all p,q € P*, E,, o Qf(p)é(q) =Q,,7 o B o 2 (€ opog) = Epg- O

P q
Definition 4.22. A propagator (r,7y) in W is algebraically saturated if €, is an
isomorphism. The full subcategory of algebraically saturated one-dimensional prop-
agators is denoted by 1-W

Theorem 4.23. There is an adjunction 4  between the two covariant functors

a2~ 1.

N~

The algebraic Gel’fand transform ® : 1d — o is the unit of the adjunction.
The co-unit is given by the algebraic evaluation transform € : o — Id ., which
“embeds” every one-dimensional propagator (n,7y) into its algebraically saturated
spectral amplitude propagator o (m,7).

The previous adjunction of functors restricts to an adjunction of covariant func-

FD

—x
tors P4 P Rep 1-# gp , with unit P : 1dz - Po TP and co-unit
FD

€D . Do FD 5 1d\y, between the full-subcategories Zrp of irrep-classes of

finite-dimensional C*-algebras, with irrep-classes-preserving isomorphisms, and the
category 1-# pp of algebraic finite one-dimensional total propagators, with isomor-
phisms.

Proof. We must show the following adjunction triangle identities (where o, and o, de-
note the compositions, over objects and over 1-arrows, of the natural transformations
involved):

(t 0, €0, (Boyt )=1, (€op )o,( 0,B)=1 .
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For the first equation, we need to check that, for every one-dimensional propagator
& my,P)in 1-H, (¢.,) © (Oarminy) = daymingr) i€ €, @) = o, for
every y-invariant W*-section o € I’} (7):
(€ @) .9 :=( gongen@)(p.g)
= (" 0 @) @) o (dp,, )7t ) (P 0)
= Q" o7 (1" (p), 1" (q))
= Q" (1™ (p) X0 ™ (p) | w(@)o |17 (@) Xn""(q) )

= O'(P 5 C]),
for all p, g € P, where [™V(p)] = 0 = [P™(g)].
For the second equation, we need to check, for every unitary equivalence class of

irreps of a unital C*-algebra (A, 0) in Z, that (€ ), (y.4),) ©( Gun) = UTA)o» (Ya)o)
and this means

(Ao ra00) QAN (Y)Y o (&80 200y = (d¢p ), L& ),) and hence

G40 0:(YA)o) —
00 O,’(("A) (yado) — Id ), (1)

ﬂA)() ) — {(S_A)”- (2)

(A )0s(Y.A o) (T2)0:¥2)0)\* (260 (
Q ° (n ) (H ) 04 fG(A,o), n((nA )oY A )o

To obtain equation (1), we observe that, for every w € (P4), and x € A:

G (a0 0! o — 05 o — o %
é‘ (A0 o ngﬁfﬂ (ya) )(x) - ngﬂﬁ) (ya) )(ﬁ(ﬂ,o)(x)) - grﬂ) ° x(w’ w)
= (loXw|T,0) | oXw])

= {5 () | w )@ ]) = wx).
To obtain equation (2), we observe that, for every w, p € (P 4), and for every x € A:

':(5(/1,0)

Epn (loXw @) [pXp )

= S (1 €549 @) X €% @) | wo(x) | €549 7,) X €54 () )

((ma)o,(¥.4)0) X n((ﬂf{ )os(¥.A)o) |
P b

((l()ﬂf{ )os(¥A)o) >< n‘(ﬁ’rﬂ. )o-(YA)o) | w[(nA Yoy Dol (i.) | np

=7

QgZ.A)(Vs(‘yA )0)( | nEL()ﬂA )os(YA)o) ><ngﬂA Jos(Y.A)o) | D)y n )0](55)

| nsﬂ'fl)us(')’fl )o) ) <n/()(7m )os(YA)o) |

= X(w,p) =l wXw @, (x) [ pXpl,
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and hence, from the following commuting diagram,*

Ao o
(Eﬂ)olwp <~ (é:.((gﬂ)())lﬂwilp €. (A,O)Imﬂlp

{(sﬂ)ulwﬂT T"Bl ‘wp T"/jzmﬁ

(Id(Tﬂ)O).((E‘A)")|wf2(nfl_>>,, T]' (f‘ ((E.A)o))lwp”—>.(:6)l 7].(8 ° (.A,o))|wp Ql > (((:A)Ulwp
¢n lep - e “
we finally obtain:

0> o ’n o ¢ :‘@ 0 (T4 )o -1 _
Q@0 (v2)0) o(n((m) ) >) (= (fL))oé’f@(f; 0t ) o(e,n)  =Ide,, O

Restricting the previous adjunction 4  to the full reflective subcategories 7
and 1-% we obtain:*°

o
Corollary 4.24. There is an adjoint equivalence % -, 4 , with unit
~— —

isomorphism ® : 1dz — o and co-unit isomorphism € : o — Idi, between
the reflective subcategory 7 of algebraically saturated unitary equivalence classes
of irreps of unital C*-algebras and the reflective subcategory 1-# of algebraically
saturated one-dimensional total propagators.

The previous adjoint equivalence restricts to an adjoint equivalence

FD q FD,

T . . . . .
Xrp 1-# rp , with unit and co-unit respectively given by:
~—-

FD . FD _ FD FD. FD_ FD
(R [« PP o , €7 o - ld7,
between the full-sucategories Zrpp irrep-classes of finite-dimensional C*-algebras,
with irrep-class-preserving isomorphisms, and the category 1-# rp of algebraically
saturated finite one-dimensional total propagators, with isomorphisms.

Remark 4.25. Denote by G(xr) the group of s-automorphisms of the 1-C*-category
7 : & — P of a (discrete) propagator (€, ,y, P) and let us denote by V(rx, y) the set of
all possible transition amplitudes y’ for this 1-C*-category # : € — P, such that
there exists an isomorphism of propagators (¢,E) : (€, 7,7y, P) — (€,7,y',P) such
that (¢, Z) € G(rr) and hence ' = Zoyoé&~!. Notice that the global “gauge group” G(r)
is acting canonically on the set V(r, y) of admissible transition amplitudes (that here
play the role of “y-frame-connections”) as y' + Zoy'o&~!. The (discrete) propagator
(m,7) is algebraically saturated if and only if V(rx,7) is a torsor for the gauge group
G(n) i.e. the previous action of G(xr) on V(r,y) is transitive and effective. Denoting

Where 1751 T ((E°((Ea)) — £ ((Ea)y) — and 1152 :n°(€ o (40) = € o (4.0 are the canonical
isomorphisms in the definition of the respective n-pull-backs.

40With a small abuse of notation we continue to denote functors and transformations in these restriction
with the same symbols.
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by O(n,vy) the set of y-frames of the (discrete) propagator (rr,7y), we have the prin-
cipal bundle over O'(r,y) with O-fiber Uy := {0 € T(n]p) | 0* @ 0 = y|lo = 0 @ o}
and we consider the group of “unitary sections” of 7|y : E|o — O, for O € O(n,y).
The global gauge group G(n) is fiberwise acting transitively and effectively on Ug,
since every (£,E) € G(n) uniquely determines a unitary Z o y|9 € Ug. Denot-
ing by V(r,y)? the family of unitary pair-groupoids between y-frames obtained by
frame localization of any transition amplitude y* € V(x,vy), we have a gauge action
of the global gauge group G(x) on the set of “connections” V(rr,y)? by conjugation:
Yo = (Eoye,)0O 7’02 0, © (E 0 yp,)"". The saturation condition is equivalent to re-
quiring that V(x,y)? is a torsor for such action of §(x). a

We now start to introduce the fundamental spectral environment for our work: the
category &rp whose objects are “bundles of finite total propagators of 1-dimensional
C*-categories over a finite set”.

Definition 4.26. A discrete non-commutative spaceoid (€,7n,y,P, x, X) consists of

S — Y

the following diagram \ 7/ with u; = py o and puy oy = py,
M1 Ho

X

where:

o Xisaset,? S Xisabundle, and {(p.q) € P x(p) = x(@)} = P x, P> Xis
its fiberwise product bundle, hence uy(p, q) := x(p) = x(q), for (p,q) € P x, P,

7o:=(l,50)

e for all o € X, the fiber restriction &, ——— P, X P, of the map «w is a
1-dimensional C*-category with objects P, hence p := (u1, 1o) is a bundle of
1-C*-categories,

_—
e v, € 1-#(m,) ie. &, \_/fPo X P, is a total &,-valued propagator on P,

forallo € X.

A finite discrete non-commutative spaceoid is a discrete spaceoid (€,n,y,P, x,X)
with finite base space X, whose fibers (n,,v,) € #rp are finite propagators for all
oeX.

A morphism of discrete non-commutative spaceoids p' @n, W2, between two
discrete non-commutative spaceoids ,uj = (Sj,nj,yj, ij,/\{j, x5, for j=1,2, is given
by a pair (1, N) where:

e 1:X' — X? is a map between sets,

o A A°(u?) — u' is a fibrewise frame-preserving geometric morphism of prop-
agators in the category 1-#': namely, for all 0 € X', A, := (AL, A}) is a
geometric morphism from the A-pull-back of y* to u'.
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We denote by & the category of such morphisms with composition and identity as in
the case of $rp. The subcategory of fibrewise x-isomorphisms of finite spaceoids in
& is denoted by &rp.

We proceed now to define a pair of adjoint covariant functors between %Brp and
&rp- These are just obtained by “fiberwise application” of the previous adjunction
FD 4 FD in theorem 4.23.

Definition 4.27. The fiber section functor T|*P : &p — PBrp associates to a fi-
nite discrete spaceoid (€,m,y,P,x,X) the bundle T|\FP(r,v,x) on X with o-fibers

FD(r,,v,) i= (I (), [0, ¥01") consisting of the primitive finite-dimensional C*-al-
gebras I (n,), of yo-invariant C*-sections of the finite total &,-valued propagator
(Eo» oy Voo Py) over P, (and their unique irrep-classes [r,,v,]” ).

LA

To every morphism (€', 7', y', PL, ', X1 —(——L (&%, 7%, 92, P2, x%, X?) of finite dis-
crete spaceoids in Erp, the fiber section functor associates the morphism of finite
bundles of primitive finite-dimensional C*-algebras given by:

FD

NPy ) —5 TP, Y2 ), TG, = (T AD,

r
where A¥ = A, and 21*(T|FP (7%, 9%, x?)) A, TFPRY, 4, xY) is fiberwise defined as
AL = il)), the AS-pull-back of yﬁ([))-invarl’ant sections

AL a0 P AL o (A (o) © (Idgp2 Ao,

2 1
forall oy, € l"y/zl(m(ﬂm))), foroe X

For all 0 € X', the map Al is a unital = -isomorphism of primitive ﬁnite dimensio-
* —
nal C*-algebras. A direct computation ensures that 7P L ADo(2.A2) =T|FD LAD rFp A

and I“I(I ol ey ) = (Idx, 7rFo(ry.y))> providing the covariant functorlahty of IFP,
TY X

Definition 4.28. The fiber spectrum functor X|*° : Brp — &rp associates to a
bundle (F,0,X) in ,%’gD of primitive finite-dimensional C*-algebras on a finite set X,
its spectral finite discrete spaceoid X|"°(0) € &rp, over the finite set X, whose o-
fibers, for all 0 € X, are  TP(F,,ky(0)) € 1-# rp, where kg is the canonical bijection
in remark 3.1.

To every morphism (F',6',X") — (3’2 62,X?) in Brp, the fiber spectrum
‘(FADA)

2FP(6?) of finite spectral discrete
A}:
spaceoids given by Z(/l N = (A%, AY), where A= := 1 and 2*CFP(6%) — ZFP@OY
is fibrewise defined, for all o € X', as the isomorphism AZ := iD = (&M, M) of
finite propagators, where & Py — Tr}a{( ) is the A,-pull-back of pure states under

functor associates the morphism Z|P(0")

the x-isomorphisms A, : 3'3(0) — F1 and M is the isomorphism of 1-C*-categories
lwoA, XwoA,|x|poA, XpoAy | |wXw|Ax)|pXpl forall w,p € Ps.



P.BErTO0ZZINI, R.CONTI, N.PITIWAN 137

For all 0 € X!, the map AZ is an isomorphism in 1-%# gp.
A direct computation assures the covariant functoriality of

FD _ y|\FD FD FD _
o anoeear = Haran @ Hlaeary Haax ey = 14 n5r00)-

|FD.

Definition 4.29. The fiber Gel’fand transform | P associates to a bundle (F,0,X)
in 932 p the morphism
FD . (\FD  sFD gy @1
Ol T 0 ZI"(0) —— (5,60, X)

in %},D, with v’ = Idy : X — X, and Y? defined fibrewise, for all o € X, by
Tg = (6(3,,,1@(0)) 1 F,— rlFD ° 2|FD(0)0'

The fiber evaluation transform C|'P : 1d,, associates to finite discrete spaceoids
&, 7,7y, P,x, X) in Cop[?D the morphisms of discrete spaceoids

(™0 QY)Y

CloD (6.1, Py, X) ———— P o [P (1, 7, 1)

in é’FlD where n% = Idy : X — X and Q™Y is fibrewise given by the geometric

morphism of propagators QU .= Cirry)  (E0s oy Yoo Po) = ZIFPOTIP (1), 70, P,),
forall o € X.

From the fiberwise definitions, we have that G| : Idg,, — [P o ZIfP is a
natural isomorphism and that €[F? : Idg,, — Zlrp o I'F? is a natural transformation.

Theorem 4.30. There is an adjunction 2P + T|FP between the covariant functors
leD
- . - |FD FD _ 1|FD .
PBrp &Erp , with unit "7 : Idgro — X|"7 o I'|"? the fiber evaluation trans-
F‘FD
form and with co-unit G|FP : T|FP o X — 1dg,, the fiber Gel'fand transform
isomorphism.
__ Restricting the previous adjunction PP v TVFP to the reflective full subcategory
& rp, whose objects are the saturated algebraic finite non-commutative spaceoids, we
obtain an adjoint equivalence.*!

Proof. The result follows by a “fibrewise application” of the previous adjunction in
theorem 4.23.4? o

Our final duality is obtained by composing the adjoint duality in 3.2 with the ad-
joint equivalence in 4.30:

SFD S|FP
— — . —
- ;FD EFD = JZ{FD L%FD é@FD ZlFD F FlFD.
7D NG

4IHere, with some minor abuse of notation, we do not give alternative notation for the functors, units and
co-units.

420ne has to remember that the “direction” of morphisms in the categories Zrp and &r, is the “opposite”
of the “direction” in % and 1-# and hence the direction of the Gel’fand and evaluation transforms are
reversed.
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Definition 4.31. The contravariant section functor TP and the contravariant spec-

trum functor P are defined by compositions of the previous contraviariant base and
covariant fiber functors:

FFD = EFD o FIFD . gpl) g WFD, ZFD = 2|FD OEFD : WFD i gpl).

Considering the (big) strict 2-category of natural transformations between func-
tors, with categories as objects, (denoting by o;, the “horizontal” composition and o,
the “vertical” compositions of natural transformations), we define non-commutative
Gel’fand and evaluation transforms.

Definition 4.32. The non-commutative Gel’fand transform is the natural transfor-
mation:

®FD .= (EFD oy GIFP o, zFD) o, &P 1d,,, — [P o TP,
The non-commutative evaluation transform is the natural transformation:

(EFD = (2|FD o gFD o F|FD) o, (g|FD . IdgF - ZFD OFFD,

D
Theorem 4.33. There is a right-right contravariant adjunction 4 P TTP  between
E["I):Elf"l)o EFD
the pair of contravariant functors gp Erp with units TP and P,
[FP=[FDo [|FD
Restricting this right-right contravariant adjunction to the saturated full subcate-
gory & gp, we obtain the discrete non-commutative Gel’fand-Naimark adjoint duality
SFD_3|FDo gFD
e
Drp EFp -

[FD=[FDg [}FD

Proof. The theorem is immediately obtained using the standard categorical composi-
tion of adjuctions.

By remark 3.4 and proposition 3.6, considering the dual category %}, we have
the covariant adjoint equivalence (°X/? + I7P°) with unit ? : Id,,,, — I"P°0°zfP
the base Gel’fand transform isomorphism and co-unit €?° : °xfP o ['FP° — Id %,
the dual base evaluation transform isomorphism.

By theorem 4.30 and by remark 3.4, considering both the dual categories %},
and &7, we have the covariant adjunction (°X|"P° 4 °I'*°) with unit the dual fiber
Gel’fand transform G|"P° : Idg; — °T|*P° 0 °X|"P° and co-unit the dual fiber evalu-
ation transform €[P° : °Z|P° o °T1"P° — Idg. .

Composing the previous covariant adjunctions (see [27, proposition 4.4.4]), we
obtain the covariant adjunction (°X|7P° o °XfP) 4 (IFP° o °T|FP°) with the following

unit and co-unit:*

43The symbol 3, reminds that this vertical composition is performed “pointwise” composing in the dual
category & .
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(EFDO on (6|FDO on o;FD) o, QFD . Id(Q{FD - (L‘FDO ° OF|FDO) ° (02|FD0 o o;FD)7
®|F005v (02|FD0 o, gFDo o, or|FDo) . (°2|FD° ° o;FD) o (EFDO ° OF|FDO) - Idé";D.
Finally, by duality, passing back to the original categories using again remark 3.4,
we obtain a contravariant right-right adjunction 4+ P '  with units respectively
the non-commutative Gel fand and evaluation transforms as defined in 4.32.
_Upon restriction of the fiber adjoint equivalence to the saturated full subcategory
& rp, since all of the Gel’fand and evaluation transforms are now natural isomor-
phisms, we obtain the adjoint duality. O

S Commutative and C*-categorical Dualities

In this section we clarify the connection between the (discrete) non-commutative
Gel’fand-Naimark duality here developed, the usual commutative Gel fand-Naimark
duality for (finite) Abelian C*-algebras and the duality for full Abelian (finite-objects)
C*-categories discussed in [3]. In particular we describe how the discrete non-commu-
tative spaceoids in definition 4.26 are related to the usual (finite) compact Hausdorff
Gel’fand spectra and to the (discrete) topological spaceoids introduced in previous
works [3, 4].

Let @pc“~—— @p denote the full-faithful functorial “inclusion” of the cate-
gory /¢ of unital #-homomorphisms of finite-dimensional commutative C*-algebras
as a full subcategory of .«/rp. By theorem 2.2, a finite-dimensional Abelian C*-algebra
A is of the form @ivzl C, for a certain non-zero natural N € Ny and, from remark 2.3,
X 4 is a finite discrete space that is canonically homeomorphic to the usual discrete
compact Hausdorff Gel’fand spectrum Sp(A), via the map Sp(A) > w — [w] € X 4.
Denoting by .#¢ the category of continuous maps between finite compact Hausdorff
topological spaces, by I'FC : .%xc — a/p¢ the restriction of the usual “continuous-
maps Gel’fand functor” yi(v)c 5 X b I'peX) := CX;0) € %PQC and denoting
by SFC . afpe — Fre the restriction of the usual “Gel’fand spectrum functor”
A2 3 A Sp(A) € 7P (both acting as “pull-backs” on morphisms), we have
the following “restriction” of the usual commutative Gel’fand-Naimark right-right
adjoint duality to the discrete case: (4 ZFC¢ T'FC +) with units given by the usual
Gel’fand transform 6:XC : 1d,;,, — I'F¢ o £FC with € : x — % € C(Sp(X); C), for
x € A € &/, and the usual evaluation transform ¢ : Idg,. — TFC o I'FC with
€LC: pev, € Sp(C(X;C)), for p e X € .

The following proposition describes the precise relationship between the discrete
version of the usual Gel fand-Naimark adjoint duality and our discrete duality via
discrete spaceoids. The proof is totally elementary, the only real difficulty being the
exact specification of the structures (functors and natural transformations) involved.

Proposition 5.1. Let ® : Spc — Frp be the functor that to every finite discrete
space X € ygc associates the discrete spaceoid (EX, 7%, yX, PX X, XX) consisting of
the bundle, over X, of trivial 1-dimensional propagators: X* := X 1= PX, yX 1= Idy,
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(&X, 7%, ‘.PXXXX PX) the trivial C-line bundle over fPXXXx PX ~ X, X PX X x PX 5 X
the constant section yX(p, p) := lc, forall p € X = PX. 4
The following are weakly commuting square diagrams between functors

ZFD
—=

-AFD <EﬂFD

~—
rFD
SFC T(D ’
—
5%
~—

Arc FC
I"FC

. . . . . & .
in detail: there is a natural isomorphism of functors T*P o ® 5 rre given by the

natural transformation yﬁc > X 5 Sx € MFID, where, for all o € TTP(D(X)), we
define Fx(o) € TFC(X) := C(X;C) as the function Fx(0)p = {p(op), forall p € X,
where [, denotes the unique Gel fand-Mazur isomorphism between the 1-dimensional
C*-algebra 81),(p and C;

. . . T .
there is a natural isomorphism of functors £FP| ;. . — ®oXF C given by the natural

transformation JZZFOC > A 5 T4 € YFID, where ZFP(A) 2 ®o SFC(A) is the
isomorphism of spaceoids T4 = (§A,Eﬂ) with (B0 = Idspea) : PA Sp(A),
&AL XA — XSPA s given by 4 1 [w] = w € D(Sp(A)), for all w € PA = Sp(A),
and EMN ww = Co : (E)ww = ESPY = C is just the Gel fand-Mazur isomorphism
Lw, for all w € Sp(A).

There is a morphism of (right-right) adjoint dualities:*

X P T P

Fo®P =610, VA,  ToGyh =0oC", VXe S

The term “spaceoid” was originally introduced in a previous paper [3] providing
spectral descriptions of commutative full C*-categories. Since then, it was already
clear that the notions there described (with some suitable adjustments) were suffi-
ciently powerful to support a spectral analysis for non-commutative C*-algebras. It
is a necessary duty to explain how the discrete non-commutative spaceoids here de-
fined are related to one of the three equivalent definitions of topological spaceoid as
discussed in [4]).

#The functor @ associates to every map f : X — Y the morphism (f, f, F) : ®(Y) — ®(X) of trivial
discrete spaceoids, with f : XX — XY, f : PX — PY and where F : f*(€¥) — X is the necessarily unique
fibrewise linear isomorphism preserving the identity of the 1-dimensional C-fibers E;'(p) ) and Eﬁp, for
peEX.

4By this we mean that the natural transformations of the adjunctions weakly-commute with the respec-
tive inclusion functors, modulo the same natural isomorphisms &, T involved in the weak-commutation of
the above diagrams of functors.
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Definition 5.2. A C*-categorical spaceoid*® is a bundle C 5 X, over a compact
Hausdorff space X of full one-dimensional C*-categories C,, for o € X, with a set A
such that (?2 = A, forall o € X.

In the specific “discrete” situation studied in this paper, we will of course choose
X to be a finite discrete topological space and A a finite set.

Proposition 5.3. Every finite C*-categorical spaceoid (C,u, X) is a specific case of
discrete non-commutative spaceoid, where, for every o € X, we have the (generally
non-saturated) finite propagator (C,,m,y,N), with v, : A X A — C given by the
“identity section” y,(A,A) := le,,a, for all A € A and y,(AB) = O,),,» whenever
A # B, forallA,BeA.

In practice, we have just a bundle, over a finite set, of full one-dimensional C*-cat-
egories with the same finite set of objects A and the propagator ¥ is trivial, hence there
is exactly only one frame for every point of X.

6 Preview of Topological/Uniform Duality

In this last section, we briefly look beyond the discrete non-commutative Gel’fand-
Naimark duality, in the direction of the topological/uniform theory fully developed in
the companion second paper [6], anticipating some of the typical technical difficulties
that will be dealt with there.

In principle, a topological version of “base duality” as in section 3 already exists,
since J.Dauns-K.-H.Hofmann theorem [10, 12] and J.Varela duality [30] can deal with
arbitrary (unital) C*-algebras. Unfortunately, the type of Banach C*-bundles (with
semi-continuous norm) appearing there as spectra, have fibers that in general are not
primitive C*-algebras, making it quite difficult to perform the subsequent spectral
analysis necessary for the “fiber duality” of section 4. This serious issue will force
us to introduce, for such general case, a new topology on X 4 making it compact pre-
regular (actually completely regular).

Whenever the structure space A (the set X 4 with the quotient topology induced by
the weak*-topology on P ) is compact Hausdorff, Varela duality and Dauns-Hofmann
theorem reduce to a previous duality result by J.M.G.Fell [14, 15]: the spectra are just
usual Banach C*-bundles (with continuous norm) with fibers that are always primitive
C*-algebras and hence there is no problem to proceed to the second stage of “fiber
duality” as in section 4, as soon as suitable topologies are imposed on the discrete
spaceoids. The standard choice of topologies will be to equip:

e P, with its weak*-topology, as subspace of A* := B(A;C), the Banach dual
space of A,

46This corresponds to the “first picture” for “topological spaceoids” in [4].



142 Discrete Non-commutative Gel’fand-Naimark Duality

o Py xy, Pa C Py x Py with the subspace topology of the product weak*-
topology on P4 X P4,

e &4 with the tubular topology induced by the family of Gel’fand transforms
)?CZ:PAXXA ':PA — &4.

Unfortunately, the space P4 (and even (Pn), := )(;11(0), for o € X4) with
the weak*-topology is not always compact, a well-known problem that (at least in
those approaches to spectral theory, reconstructing C*-algebras via continuous func-
tions/sections on the space of pure states, see for example the works by R.Cirelli-
A Mania-L.Pizzocchero [8] and N.Landsman [21, 22]) requires the introduction of
suitable uniformities. This will force us, in the general case, to work with “uniform
spaceoids” defined as uniform bundles of “uniform propagators” (with y uniformly
continuous with values in a “uniform Fell line-bundle”) instead of just bundles of
1-C*-category-valued propagators, as we did in section 4.47

Whenever A is (compact) Hausdorff and the C*-algebra A has only finite-dimen-
sional irreducible representations, A.J.Lazar [23] has described a specific form of
Dauns-Hofmann theorem where the spectra are “scaled” Banach bundles over ]l\ with
fibers primitive finite-dimensional C*-algebras. Since in this case (P 4), is compact
forallo € X4 = ﬁ, and since for every y,-frame J the restriction of the (uniform)
propagator (€ 4)|5 is a 1-C*-category, the techniques already contained in section 4
immediately allow to obtain the correct fiber duality and a non-commutative Gel fand-
Naimark spectral analysis.
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